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Abstract

We consider a system consisting of one conservation law and one balance law with a time-dependent
source term, and provide a comprehensive analysis of Riemann solutions, including the non-classical
overcompressive delta shocks. The minimal yet representative structure of the system captures essential
features of transport under density constraints and, despite its simplicity, serves as a versatile prototype
for crowd-limited transport processes across diverse contexts, including biological aggregation, ecological
dispersal, granular compaction, and traffic congestion. In addition to non-self-similar solutions mentioned
above, the associated Riemann problem admits solution structures that traverse vacuum states (ρ = 0)
and the critical density threshold (ρ = ρ̄), where mobility vanishes and characteristic speed degenerates.
Moreover, the explicit time dependence in the source term leads to the breakdown of self-similarity,
resulting in distinct Riemann solutions over successive time intervals and highlighting the dynamic nature
of the solution landscape. The theoretical findings are numerically confirmed using the Local Lax-
Friedrichs scheme.

Keywords. Conservation Laws; Balance Laws; Non-Self-Similar Solutions; Unbounded Solutions; Delta-
Shocks; Riemann Problems; Degenerate Hyperbolicity; Nonconvex Flux; Granular Compaction; Crowd Dy-
namics; Nonlinear Population Dynamics

AMS Subject Classifications. 34A05, 34C37, 34C45, 34E15, 35L45, 35L65, 35L67, 35L80, 35Q92, 65M06,
74L10, 76A30

Notation
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1 Introduction

In this work, we study a nonlinear system comprising a conservation and a balance law with a time-dependent
source term, which models transport dynamics constrained by density. The governing equations are given
by















ρt +
(

ρu
(

1−
(

ρ
ρ

)a))

x
= 0,

(ρu)t +
(

ρu2
(

1−
(

ρ
ρ

)a))

x
= a(t)ρ,

(1.1)

where the dependent variables are density ρ, velocity u, and a(t) is a piecewise continuous forcing term.
The constant ρ̄ > 0 is a critical density (for example, a jamming or saturation threshold) and a ∈ R \ {0}
characterizes the degeneracy in the mobility term and determines the qualitative nature of the solution
dynamics. When a > 0, the system models crowding effects, with vanishing mobility as ρ → ρ̄. When a < 0,
degeneracy occurs in the low-density regime, indicating inhibited motion resulting from sparse particle
interactions or clustering phenomena.

Despite excluding diffusion, nonlocality, internal variables, etc., the system retains sufficient structure to
exhibit rich and singular solution behavior, serving as a flexible model with a range of applications, including
biological aggregation, ecological dispersal, traffic congestion, and granular media dynamics. A key feature
of the model is the loss of strict hyperbolicity, due to the behavior of its characteristic speeds:

λa =

(

u+

∫ t

0

a(s)ds

)(

1− (a+ 1)

(

ρ

ρ

)a)

, λ0 =

(

u+

∫ t

0

a(s)ds

)(

1−
(

ρ

ρ

)a)

.

These speeds may coincide or vanish depending on the state, leading to degeneracies. In particular, degen-
eracy occurs along the critical density surface ρ = ρ̄, where λ0 = 0, along ρ = ρ̄ · ( 1

a+1 )
1/a when a > −1,

where λa = 0, partially degeneracy occurs at ρ = 0, where the system loses strict hyperbolicity and the two
eigenvalues are equal, and full degeneracy occurs at u = −

∫ t

0
a(s)ds, where both eigenvalues vanish. This

breakdown of strict hyperbolicity results in the emergence of novel wave phenomena.
We analyze non-self-similar Riemann solutions to this system, identifying both classical wave structures

such as shocks, rarefactions, and contact discontinuities, and non-classical features such as overcompressive
delta shocks and transitions through degenerate states.

Unlike classical Riemann problems for strictly hyperbolic systems, which typically yield a solution con-
sisting of at most two waves (one from each characteristic family), the system considered here admits more
intricate wave patterns. This is due to the loss of strict hyperbolicity along critical sets (ρ = ρ̄, ρ = 0,

u = −
∫ t

0
a(s)ds) where the characteristic speeds coincide or vanish. As a result, Riemann solutions can

exhibit multiple consecutive wave segments, including combinations of shocks, rarefactions, and contact
discontinuities, sometimes as many as four, to connect the left and right states in a physically and math-
ematically admissible manner. These layered structures are supported both analytically and numerically
using the Local Lax–Friedrichs scheme.

The existence of unbounded solutions in the case a(t) = 0 arising from Dafermos regularization of the
system is established using blow-up techniques within the framework of Geometric Singular Perturbation
Theory (GSPT), as shown in Culver et al. [5].

The Riemann problem is fundamental in the theory of hyperbolic systems, serving as a key component
for solving Cauchy problems with large data. Singular solutions of conservation laws appear in different
guises. The first rigorous construction of δ-shocks was carried out by Korchinski [22], where they arise in
the pressureless Euler system. Later, Keyfitz and Kranzer [17, 18, 23, 16] identified a different phenomenon
in a non-strictly hyperbolic elasticity-motivated 2×2 system leading to singular shocks that satisfy only one
Rankine–Hugoniot condition, with the propagation speed selected by entropy or other admissibility criteria.
Such solutions are interpreted in the framework of weighted measure spaces, where they arise as limits of
viscous approximations. Together, these works laid the foundation for the theory of singular solutions in
non-strictly hyperbolic conservation laws.

Schecter [39], who later established a rigorous framework for the existence of such profiles, used techniques
from geometric singular perturbation theory, including blow-up methods, to resolve the internal structure of
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the singular layer. This approach, grounded in earlier geometric work by Fenichel [8] and Jones [13], provides
a powerful methodology for analyzing singular-wave behavior in degenerate systems. See also [12, 14, 15,
19, 20, 21, 27, 29] and the references therein.

Recent studies have extended these ideas to systems in which multiple state variables simultaneously
develop singularities, as seen in models of chromatography, cosmological fluids, and reactive flows.

For example, Mazzotti et al. [30, 31, 32] numerically studied a model arising in two-component chro-
matography. In such cases, neither component adheres to the classical Rankine–Hugoniot condition. Building
on this, Tsikkou [43] analyzed the same model and provided a coherent explanation of the unbounded so-
lutions observed. More recently, Frew et al. [9] examined a system of two balance laws of Keyfitz-Kranzer
type with a time-dependent source modeling a generalized Chaplygin gas, characterized by the equation of
state p = Aργ , with γ < 0. For the special case γ = −1, see Li [28]. In the current work, we also employ an
additional approach, the shadow-wave method introduced by Nedeljkov (see below for more information).
This framework allows us to treat systems in which the exponent a may take both positive and negative
values, thereby extending the range of applicability beyond the settings considered in [9, 28]. In general,
the presence of time dependence or external forcing significantly enriches the solution structure, leading to
temporally varying partitions of the state space in which both classical and singular wave patterns may arise.

These examples illustrate that such singular solutions are not merely mathematical constructions, but
arise naturally in a range of physical contexts. They have been observed in models of pressureless gases and
sticky particle dynamics, where collisions lead to the concentration of mass [4, 2, 42]. They also occur in
traffic flow models, where the formation of moving jams is described by δ-shocks [1, 45]. From an analytical
perspective, δ-shocks and singular shocks are characterized as overcompressive waves, with all characteristics
impinging on the shock, which serves as the admissibility criterion [6]. Their study has been further extended
to porous media and multiphase flow models [11, 38], as well as to shallow-water theory [10]. This growing
body of work demonstrates the broad applicability of singular solutions in both theoretical and applied
settings.

This broader landscape raises several important questions. How do structural features like degeneracy or
genuine nonlinearity influence the onset of singularities? What criteria determine the admissibility of com-
posite or non-classical waves? How can generalized solution concepts be developed to rigorously incorporate
these effects?

The model discussed in this paper makes a significant contribution to the relevant questions at hand.
Not only is it physically relevant, but it also provides a framework for analyzing nonclassical and singular
structures that emerge in degenerate or non-strictly hyperbolic systems. From a mathematical standpoint,
this work aims to enhance our understanding of how singular solutions can play a crucial role in the global
resolution of Riemann and Cauchy problems with large initial data. This could potentially lead to the
development of new solution theories and generalized numerical methods.

The system (1.1) is a special case of















ρt +

(

ρΦ
(

ρ, u
)

)

x

= F
(

ρ, u, t
)

,

(

ρu
)

t
+

(

ρuΦ
(

ρ, u
)

)

x

= G
(

ρ, u, t
)

.
(1.2)

This system has various applications depending on the functions Φ, F, and G. For instance, when F = G =
0, Φ(ρ, u) = u, it corresponds to the pressureless Euler system. Alternatively, if F = G = 0, Φ(ρ, u) =
u− p(ρ), it is related to a simplified second-order traffic flow model, which connects to simplified versions of
the Aw and Rascle [1] and Zhang [45] models.

Systems of the form (1.2) are often referred to in the literature as Keyfitz–Kranzer-type systems. The
name originates from the work of Keyfitz and Kranzer [16], who studied a 2 × 2 non-strictly hyperbolic
system of conservation laws arising in elasticity theory and showed that it admits singular shock solutions.
Since then, the terminology has been used more broadly to describe systems whose flux is colinear with the
state vector, that is,

ut +
(

Φ(u)u
)

x
= 0, u ∈ R

n,

with Φ a scalar function of the state variables. A frequently cited example is the “radial” system with flux
f(|u|)u, which shares many of the degeneracies and singularities of the original model. These generalized
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Keyfitz–Kranzer-type systems are canonical examples of non-strictly hyperbolic conservation laws, and have
been studied extensively both in the homogeneous case [36, 2, 3] and in balance-law extensions with source
terms [44, 40].

The literature, including works by Zhang [46, 47], indicates that the Riemann problem with pressure
laws depending solely on density, where F = 0, has been studied extensively. In this work, we focus on the
system (1.1) to analyze solutions to the Riemann problem. The initial conditions are defined as follows:

(ρ, u)(x, 0) =

{

(ρL, uL) x < 0,

(ρR, uR) x > 0.
(1.3)

This setup represents a jump discontinuity between two constant states in a strictly hyperbolic region.
The paper is organized as follows. In Section 2, we introduce a change of variables that transforms the

system (1.1) into a system of conservation laws, setting the stage for a detailed analysis of its Riemann
solutions. Section 3 provides a formal construction of the classical Riemann solutions. Using the Rank-
ine–Hugoniot conditions, we derive the shock and contact discontinuity curves emanating from a given left
state, and construct the rarefaction curves based on the system’s eigenstructure.

Due to the explicit time dependence in the flux, these wave curves, and the corresponding regions in
state space where classical solutions involving shocks, contact discontinuities, and rarefactions exist, evolve
dynamically over time. In Section 4, we demonstrate that singular solutions satisfy system (1.1) in the
distributional sense. Two approaches are presented: the first approach involves directly substituting an
ansatz with Dirac delta distributions into the weak formulation using test functions. The second, known as
the shadow wave method, originates from the work of Marko Nedeljkov [7, 33, 34] and constructs families of
smooth approximate solutions with sharply localized internal layers that converge to singular limits. Section
5 focuses on the evolution of admissibility regions over time. We present state-space diagrams for various
values of the parameter a ∈ R \ {0}, identifying regions where classical wave patterns are insufficient to
resolve the Riemann problem. In such cases, overcompressive delta shocks emerge as essential components of
the solution structure. Moreover, the degeneracy of the system gives rise to novel profiles that pass through
critical or degenerate states. Finally, in Section 8, we summarize our main results and suggest avenues for
future investigation.

2 Preliminaries

We study the following system















ρt +
(

ρu
(

1−
(

ρ
ρ

)a))

x
= 0,

(ρu)t +
(

ρu2
(

1−
(

ρ
ρ

)a))

x
= a(t)ρ,

(2.1)

with a(t) piecewise continuous and a ∈ R \ {0}. The change of variables

ũ(x, t) = u(x, t)−
∫ t

0

a(s)ds (2.2)

converts the system of balance laws (2.1) into the following conservative system.

ρt +

(

ρ

(

ũ +

∫ t

0

a(s)ds

)(

1−
(

ρ

ρ

)a))

x

= ρt + (f1(ρ, ũ))x = 0, (2.3)

(ρũ)t +

(

ρũ

(

ũ +

∫ t

0

a(s)ds

)(

1−
(

ρ

ρ

)a))

x

=(ρũ)t + (f2(ρ, ũ))x = 0. (2.4)
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Due to the change of variables, the initial data for the Riemann problem remain unchanged:

(ρ, ũ)(x, 0) =

{

(ρL, ũL) x < 0,

(ρR, ũR) x > 0
(2.5)

=

{

(ρL, uL) x < 0,

(ρR, uR) x > 0.
(2.6)

3 Classical Waves: Contact Discontinuities, Shocks, and Rarefac-

tions

In this section, we first compute the eigenvalues of the system, which depend on time, and investigate the
issue of strict hyperbolicity. We then determine the Hugoniot locus, that is, the subset of right states in
state space (the ρũ-plane) that can be connected to a given left state by a Lax admissible shock wave or
contact discontinuity. Next, we characterize the set of right states that can be connected to the left state
by an a-rarefaction wave. In Section 5, we present numerical evidence supporting the existence of these
rarefaction curves, shock waves, and contact discontinuities.

3.1 Hyperbolicity, Genuine Nonlinearity, and Linear Degeneracy

We compute the eigenvalues to classify each characteristic field as genuinely nonlinear or linearly degenerate.
To accomplish this, we write the system of conservation laws in vector form as ∂tH + ∂xG = 0, where
H(ρ, ũ, x, t) = (ρ ρũ)

T
and

G(ρ, ũ, x, t) =





ρũ− ρũ
(

ρ
ρ

)a

+ ρ
∫ t

0
a(s)ds− ρ

∫ t

0
a(s)ds

(

ρ
ρ

)a

ρũ2 − ρũ2
(

ρ
ρ

)a

+ ρũ
∫ t

0
a(s)ds− ρũ

∫ t

0
a(s)ds

(

ρ
ρ

)a



 .

Let D represent the total derivative operation with respect to the dependent variables, so that

D

(

B1

B2

)

=





∂B1

∂ρ
∂B1

∂ũ

∂B2

∂ρ
∂B2

∂ũ



 .

Eigenvalues and eigenvectors of the system are λ and R such that (DG− λDH)R = 0. Thus, we work with
det(DG− λDH) = 0 and solve for λ. DG− λDH = (V1 V2) where

V1 =





ũ− (a+ 1)ũ
(

ρ
ρ

)a

+
∫ t

0
a(s)ds− (a+ 1)

(

ρ
ρ

)a
∫ t

0
a(s)ds− λ

ũ2 − (a+ 1)ũ2
(

ρ
ρ

)a

+ ũ
∫ t

0
a(s)ds− (a+ 1)ũ

(

ρ
ρ

)a
∫ t

0
a(s)ds− λũ



 , (3.1)

V2 =





ρ− ρ
(

ρ
ρ

)a

2ρũ− 2ρũ
(

ρ
ρ

)a

+ ρ
∫ t

0
a(s)ds− ρ

∫ t

0
a(s)ds

(

ρ
ρ

)a

− λρ



 . (3.2)

We obtain

0 = det(DG− λDH)

=

(

λ+

(

ũ +

∫ t

0

a(s)ds

)(

(a+ 1)

(

ρ

ρ

)a

− 1

))(

λ+

(

ũ +

∫ t

0

a(s)ds

)((

ρ

ρ

)a

− 1

))

.

5

T
hi

s 
is

 th
e 

au
th

or
’s

 p
ee

r 
re

vi
ew

ed
, a

cc
ep

te
d 

m
an

us
cr

ip
t. 

H
ow

ev
er

, t
he

 o
nl

in
e 

ve
rs

io
n 

of
 r

ec
or

d 
w

ill
 b

e 
di

ffe
re

nt
 fr

om
 th

is
 v

er
si

on
 o

nc
e 

it 
ha

s 
be

en
 c

op
ye

di
te

d 
an

d 
ty

pe
se

t.

P
L

E
A

S
E

 C
IT

E
 T

H
IS

 A
R

T
IC

L
E

 A
S

 D
O

I:
 1

0
.1

0
6
3
/5

.0
2
9
6
6
9
6

 16 February 2026 04:52:26



Since the order of these eigenvalues will change depending on the value of a and the sign of
(

ũ +
∫ t

0
a(s)ds

)

,

we adopt a labeling convention that avoids the potentially ambiguous designations “one” and “two”:

λa =

(

ũ +

∫ t

0

a(s)ds

)(

1− (a+ 1)

(

ρ

ρ

)a)

, (3.3)

λ0 =

(

ũ +

∫ t

0

a(s)ds

)(

1−
(

ρ

ρ

)a)

. (3.4)

With further calculations, we obtain the eigenvectors,

Ra =





1

0



 , (3.5)

R0 =









ρ
(

1−
(

ρ
ρ

)a)

a
(

ρ
ρ

)a (

ũ +
∫ t

0
a(s)ds

)









. (3.6)

Noting the common appearance of a and a+1, it becomes necessary to distinguish the cases based on the
signs of these quantities. Accordingly, we consider four distinct regimes for a: a < −1, a = −1, −1 < a < 0,
and 0 < a.

Note that λa ̸= λ0 unless we are in some sort of degeneracy where both are equal to u or ±∞. We now
proceed by determining which, if any, of the families is linearly degenerate or genuinely nonlinear. We have

Dλa ·Ra = − (a+ 1)aρa−1

ρa

(

ũ +

∫ t

0

a(s)ds

)

, (3.7)

Dλ0 ·R0 =
−aρa

ρa

(

1−
(

ρ

ρ

)a)(

ũ +

∫ t

0

a(s)ds

)

+ a

(

ρ

ρ

)a(

ũ +

∫ t

0

a(s)ds

)(

1−
(

ρ

ρ

)a)

= 0. (3.8)

Hence, the a-characteristic family is genuinely nonlinear unless a = −1 or u = −
∫ t

0
a(s)ds, and the 0-

characteristic family is linearly degenerate.

3.2 Rankine-Hugoniot Jump Conditions and Related Calculations

We seek conditions on pairs of points in the ρũ- plane such that there exists a shock wave satisfying the
Rankine-Hugoniot conditions and connecting the two states. Since the system involves two equations (one
for each conserved quantity), we first compute the proposed shock speed s from each equation. A necessary
condition for the existence of a valid shock connection is that both equations (2.3) and (2.4) yield the same
value of s. That is, we require s = x′(t), x : R → R such that







s[ρ] =
[

ρũ− ρũ
(

ρ
ρ

)a

+ ρ
∫ t

0
a(s)ds− ρ

(

ρ
ρ

)a
∫ t

0
a(s)ds

]

,

s[ρũ] =
[

ρũ2 − ρũ2
(

ρ
ρ

)a

+ ρũ
∫ t

0
a(s)ds− ρũ

(

ρ
ρ

)a
∫ t

0
a(s)ds

]

.
(3.9)
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Assuming [ρ] ̸= 0 and [ρũ] ̸= 0, this means that, given a (ρL, ũL), we try to find all pairs (ρR, ũR) such that

ρLũL − ρLũL

(

ρL

ρ

)a

+ ρL
∫ t

0
a(s)ds− ρL

(

ρL

ρ

)a
∫ t

0
a(s)ds

ρL − ρR

−
ρRũR − ρRũR

(

ρR

ρ

)a

+ ρR
∫ t

0
a(s)ds− ρR

(

ρR

ρ

)a
∫ t

0
a(s)ds

ρL − ρR

=
ρLũ

2
L − ρLũ

2
L

(

ρL

ρ

)a

+ ρLũL

∫ t

0
a(s)ds− ρLũL

(

ρL

ρ

)a
∫ t

0
a(s)ds

ρLũL − ρRũR

−
ρRũ

2
R − ρRũ

2
R

(

ρR

ρ

)a

+ ρRũR

∫ t

0
a(s)ds− ρRũR

(

ρR

ρ

)a
∫ t

0
a(s)ds

ρLũL − ρRũR
.

Although this is algebraically impossible in general, we show that, considering certain curves of the form
ũ = f(ũL, ρL, ρ), one obtains either a shock or a contact discontinuity for each characteristic family. This
allows us to identify all shock and contact discontinuity curves in the ρũ-plane.

From this point forward, we denote the right state variables ρR and ũR as ρ and u, respectively, as we
view them as variable points in the state space with fixed ρL and ũL.

3.2.1 Shock and Rarefaction Curves of the a Family: a ̸= −1

Consider ũL = ũ ̸= −
∫ t

0
a(s)ds. Then (3.9) is satisfied by ρL and ρ, and

sa =

(

ũL +

∫ t

0

a(s)ds

)







1−

(

ρL

(

ρL

ρ

)a

− ρR

(

ρR

ρ

)a)

ρL − ρR







. (3.10)

This is a shock of the a-family if the Lax shock admissibility criterion holds, that is, if

λa(ρ, ũ) < sa < λa(ρL, ũL). (3.11)

This is equivalent to requiring characteristic curves to enter the shock from both sides, meaning that the
shock is compressive. This is equivalent to















(a+ 1)ρa >
(ρa+1

L
−ρa+1)

ρL−ρ > (a+ 1)ρaL if ũL = ũ > −
∫ t

0
a(s)ds,

(a+ 1)ρa <
(ρa+1

L
−ρa+1)

ρL−ρ < (a+ 1)ρaL if ũL = ũ < −
∫ t

0
a(s)ds.

(3.12)

Additional calculations allow us to obtain Table 1. Notice that, when checking the Lax admissibility condition

a < −1 −1 < a < 0 0 < a

ũL = ũ > −
∫ t

0
a(s)ds Sa to the right Sa to the left Sa to the right

ũL = ũ < −
∫ t

0
a(s)ds Sa to the left Sa to the right Sa to the left

Table 1: Existence of classical shocks of the a-family when ũL = ũ

for a ̸= −1, the inequalities were exactly reversed on the opposite side of the left state. Thus, we have
λa(ρ, ũ) > sa > λa(ρL, ũL), and, recalling that the a-family is genuinely nonlinear, we expect a rarefaction
curve to continuously connect the left state with another state, ensuring divergent characteristics (that is,
not crossing characteristics). Due to the time-dependence in the flux, we are unable to find an explicit form
for the rarefaction as it is not a function of ξ = x

t only.
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x

t

Ra

ũL
ũL

ũL

dx
dt = λa

dx
dt = λ0

Figure 1: Illustration of characteristics for an a-rarefaction curve.

Recall (2.4) and (3.4). Differentiating (2.4) and plugging in (2.3) yields

ũt + λ0(ρ, ũ)ũx = 0. (3.13)

This implies that along 0-characteristics, that is, where dx
dt = λ0,

dũ
dt

(

x(t), t
)

= 0 (Figure 1). That is, ũ is
constant. Since ũ(x, 0) = ũL for x < 0, ũ = ũL along every point of the a-characteristic also.

Note also that

ũt + λ0(ρ, ũ)ũx = ũt +

(

λa(ρ, ũ) + a

(

ρ

ρ

)a(

ũ +

∫ t

0

a(s)ds

))

ũx

= ũt + λa(ρ, ũ)ũx + a

(

ρ

ρ

)a(

ũ +

∫ t

0

a(s)ds

)

ũx.

From differentiating (2.3), we obtain

ρt + λa(ρ, ũ)ρx + ũxρ

(

1−
(

ρ

ρ

)a)

= 0.

Thus, along a-characteristics,

dρ

dt
−

ρ
(

1−
(

ρ
ρ

)a)

a
(

ρ
ρ

)a (

ũ +
∫ t

0
a(s)ds

)

dũ

dt
= 0. (3.14)

Thus, dρ
dt = 0 and, hence, ρ is constant along the a characteristics. However, the value of this constant may

differ in characteristics, so ρ varies across the rarefaction fan. Therefore, ρ(x, t) will be a function of the
a-eigenvalue, which defines the characteristic, and of time. We are unable to find the explicit form of the
solution because the variable time is now present in the traveling wave system. Despite the lack of an explicit
analytical construction, the numerical results in Section 5 reveal wave structures resembling rarefactions.
We summarize this information in the following Table 2:

a < −1 −1 < a < 0 0 < a

ũL = ũ > −
∫ t

0
a(s)ds Ra to the left Ra to the right Ra to the left

ũL = ũ < −
∫ t

0
a(s)ds Ra to the right Ra to the left Ra to the right

Table 2: Existence of rarefactions of the a-family when ũL = ũR
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3.2.2 The a-family: a = −1

Moving to the special case a = −1, note that the shock speed is simpler:

sa =

(

ũL +

∫ t

0

a(s)ds

)







1−

(

ρL

(

ρL

ρ

)a

− ρR

(

ρR

ρ

)a)

ρL − ρR







=

(

ũL +

∫ t

0

a(s)ds

){

1− ρ− ρ

ρL − ρR

}

=

(

ũL +

∫ t

0

a(s)ds

)

=

(

ũ +

∫ t

0

a(s)ds

)

.

Since a + 1 = 0 when a = −1, we have λa(ρL, ũL) = sa = λa(ρ, ũ), independent of ρL and ρ. Thus, there
is a contact discontinuity of the a-family both to the left and the right, along the whole line ũ = ũL in the
ρũ-plane.

3.2.3 Contact Discontinuities of the 0 Family: ρL ̸= ρ

Our second special condition is that the left and right states satisfy the following relation:

λ0(ρ, ũ) =

(

ũ +

∫ t

0

a(s)ds

)(

1−
(

ρ

ρ

)a)

=

(

ũL +

∫ t

0

a(s)ds

)(

1−
(

ρL
ρ

)a)

= λ0(ρL, ũL). (3.15)

This condition implies that the Rankine-Hugoniot jump conditions (3.9) are satisfied. Thus, it defines a
contact discontinuity curve of the 0-family which is discontinuous at the line ρ = ρ. We identify the branch
of this that is continuous, passing through the left state, as C0 and refer to the other branch as the “mirror”
curve, C0,m, which will be an important boundary in our later analysis of the regions of Riemann solutions.

Under this assumption, we find the function ũ = f(ρ, ρL, ũL) which characterizes this admissible state:

λ0(ρ, ũ) = λ0(ρL, ũL),

=⇒ ũ

(

1−
(

ρ

ρ

)a)

= ũL − ũL

(

ρL
ρ

)a

−
(

ρL
ρ

)a ∫ t

0

a(s)ds+

(

ρ

ρ

)a ∫ t

0

a(s)ds,

=⇒ ũ =
1

ρa − ρa

(

ũL (ρa − ρaL) +

∫ t

0

a(s)ds (ρa − ρaL)

)

,

=⇒ ũ =
1

ρa − ρa

(

ũL (ρa − ρa + ρa − ρaL) +

∫ t

0

a(s)ds (ρa − ρaL)

)

,

=⇒ ũ =
ρa − ρaL
ρa − ρa

(

ũL +

∫ t

0

a(s)ds

)

+ ũL. (3.16)

As ρ → ∞ or ρ → 0, u(ρ) will approach either 0 or an asymptote that will form another boundary in our
region analysis. If a > 0,

lim
ρ→∞

ũ = −ũL −
∫ t

0

a(s)ds+ ũL = −
∫ t

0

a(s)ds,

lim
ρ→0

ũ = ũ(0) =
−ρaL
ρa

(

ũL +

∫ t

0

a(s)ds

)

+ ũL = λ0(ρL, ũL)−
∫ t

0

a(s)ds.

On the other hand, if a < 0,

lim
ρ→∞

ũ =
−ρaL
ρa

(

ũL +

∫ t

0

a(s)ds

)

+ ũL = λ0(ρL, ũL)−
∫ t

0

a(s)ds,

lim
ρ→0

ũ = −ũL −
∫ t

0

a(s)ds+ ũL = −
∫ t

0

a(s)ds.
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3.2.4 The 0-Family: ρL = ρ

We note that the previous derivation will no longer work in the case ρL = ρ. Thus, we return to the original
criterion, λ0(ρ, ũ) = λ0(ρL, ũL), and find

(

ũ +

∫ t

0

a(s)ds

)(

1−
(

ρ

ρ

)a)

= 0. (3.17)

This implies ρ = ρ when ũ ̸= −
∫ t

0
a(s)ds, yielding a contact discontinuity C0 along the line ρ = ρ.

4 Delta Shocks

4.1 Delta Shock and Resulting ODEs

One method for showing the existence of a singular solution is to propose a solution with a Dirac delta and
verify that the solution satisfies (2.3) and (2.4) in the sense of distributions.

We define a two-dimensional weighted δ-measure ω(s)δS supported on a smooth curve
S =

{(

x(s), t(s)
)

: a ≤ s ≤ b
}

by

⟨ω(·)δS , φ(·, ·)⟩ =
∫ b

a

ω
(

t(s)
)

φ
(

x(s), t(s)
)

ds

for all φ ∈ C∞

c

(

R× (0,∞)
)

= C∞

c (R2
+).

We seek a delta-shock type solution of the form

ũ(x, t) = U0(x, t), ρ(x, t) = ρ0(x, t) + ω(t)δ(x− x(t)),

where

U0(x, t) =











ũL(x, t) x < x(t),

ũδ(t) x = x(t),

ũR(x, t) x > x(t),

ρ0(x, t) =

{

ρL(x, t) x < x(t),

ρR(x, t) x > x(t),

S =
{(

x(t), t
)

: 0 ≤ t < ∞
}

, and ω ∈ C1(R+). These are to satisfy (2.3) and (2.4) in the distributional
sense, that is,

⟨ρ0, ∂tφ⟩+ ⟨f1(ρ0, U0), ∂xφ⟩ = 0,

⟨ρ0U0, ∂tφ⟩+ ⟨ff (ρ0, U0), ∂xφ⟩ = 0.

(4.1)

Note that all nonnegative smooth or piecewise constant sequences of functions (fn) which converge to δ
in the distributional sense obey (fa+1

n ) → 0 when a < 0. Thus, our delta solution can only be considered for
a < 0 where the highest power of ρ0 that appears in the flux term is a+ 1.
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Let dx
dt = ũδ +

∫ t

0
a(s)ds so that, using Green’s Theorem and the compact support of φ,

0 = ⟨ρ0, ∂tφ(x, t)⟩+ ⟨f1(ρ0, U0), ∂xφ(x, t)⟩

=

∫

∞

0

∫ x(t)

−∞

{ρL∂tφ+ f1(ρL, ũL)∂xφ} dxdt

+

∫

∞

0

∫

∞

x(t)

{ρR∂tφ+ f1(ρR, ũR)∂xφ} dxdt

+

∫

∞

0

{

ω(t)∂tφ(x(t), t) + ω(t)

(

ũδ(t) +

∫ t

0

a(s)ds

)

∂xφ
}

dt

=

∮

x(t)

−ρLφ(x(t), t)dx+ f1(ρL, ũL)φdt

+

∮

−x(t)

−ρRφ(x(t), t)dx+ f1(ρR, ũR)φdt

+

∫

∞

0

ω(t)dφ

=

∫

∞

0

−{ρL − ρR}φ(x(t), t)x′(t)dt

+

∫

∞

0

{f1(ρL, ũL)− f1(ρR, ũR)}φ(x(t), t)dt

+ φ(x(t), t)ω(t)
∣

∣

∣

∞

0
−
∫

∞

0

φ(x(t), t)
d

dt

(

ω(t)
)

dt,

=⇒ − [ρ]x′(t) + [f1(ρ, ũ)] =
d

dt

(

ω(t)
)

.

Via similar calculations, we obtain

−[ρũ]x′(t) + [f2(ρ, ũ)] =
d

dt

(

ω(t)ũδ(t)
)

.

The initial conditions require that we use x(0) = 0, ω(0) = 0, and ũδ(0) = s− ∈ R. Thus,

dx

dt
= ũδ(t) +

∫ t

0

a(s)ds, (4.2)

d

dt

(

ω(t)uδ(t)
)

=− [ρũ]x′(t) +

[

ρũ2 − ρũ2

(

ρ

ρ

)a]

+

[

ρũ− ρũ

(

ρ

ρ

)a] ∫ t

0

a(s)ds, (4.3)

d

dt

(

ω(t)
)

=− [ρ]x′(t) +

[

ρũ− ρũ

(

ρ

ρ

)a]

+

[

ρ− ρ

(

ρ

ρ

)a] ∫ t

0

a(s)ds. (4.4)

This system corresponds exactly to the one produced by the shadow wave method in Section 4.2.1

4.2 Nedeljkov’s Shadow Wave Method for Singular and Delta Shocks

Following [7, 33, 34], consider a weighted shadow wave solution to the system,

(ρ̄ε, ūε) =



















(

ρ0, ũ0

)

x < x(t)− ε,
(

ρ0,ε(t), ũ0,ε(t)
)

x(t)− ε < x < x(t),
(

ρ1,ε(t), ũ1,ε(t)
)

x(t) < x < x(t) + ε,
(

ρ1, ũ1

)

x(t)− ε < x,

(4.5)

for ε > 0, x(t) ∈ C1
(

[0,∞)
)

. We expect an unbounded solution in at least one of the two variables to connect
the left state (ρL, ũL) to the right state (ρ, ũ), where amplitude is allowed to vary across the discontinuity
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and in time. We then have the piecewise function,

ρ̄ε(x, t) = {1−H(x− x(t) + ε)} ρ0
+ {H(x− x(t) + ε)−H(x− x(t))} ρ0,ε
+ {H(x− x(t))−H(x− x(t)− ε)} ρ1,ε
+H(x− x(t)− ε)ρ1,

and the formula for ūε is analogous. Let

ρ0,ε(t) =
ζ0(t)

εk
, ρ1,ε(t) =

ζ1(t)

εβ
, ũ0,ε(t) =

η0(t)

εγ
−
∫ t

0

a(s)ds, ũ1,ε(t) =
η1(t)

εδ
−
∫ t

0

a(s)ds, (4.6)

where k, β, γ, δ will be chosen such that a solution exists. H is the Heaviside step function. We have for the
derivative

∂tρ̄ε = δ(x− x(t) + ε)x′(t)ρ0

− δ(x− x(t) + ε)x′(t)ρ0,ε(t) + δ(x− x(t))x′(t)ρ0,ε(t)

+ {H(x− x(t) + ε)−H(x− x(t))} ρ′0,ε(t)
− δ(x− x(t))x′(t)ρ1,ε(t) + δ(x− x(t)− ε)x′(t)ρ1,ε(t)

+ {H(x− x(t))−H(x− x(t)− ε)} ρ′1,ε(t)
− δ(x− x(t)− ε)x′(t)ρ1.

For a test function φ ∈ C∞

c (R2
+),

⟨∂tρ̄ε, φ⟩ =
∫∫

R
2
+

∂tρ̄ε(x, t) · φ(x, t)dxdt

=

∫

∞

0

{ρ0x′(t)φ(x(t)− ε, t)− ζ0(t)

εk
x′(t)φ(x(t)− ε, t)

+
ζ0(t)

εk
x′(t)φ(x(t), t)− ζ1(t)

εβ
x′(t)φ(x(t), t)

+
ζ1(t)

εβ
x′(t)φ(x(t) + ε)− ρ1x

′(t)φ(x(t) + ε, t)}dt

+

∫

∞

0

∫ x(t)

x(t)−ε

ζ ′0(t)

εk
φ(x, t)dxdt

+

∫

∞

0

∫ x(t)+ε

x(t)

ζ ′1(t)

εβ
φ(x, t)dxdt.

Using φ(x± ε, t) = φ(x, t)± ε∂xφ(x, t) +O(ε2) and the Mean Value Theorem for
∫ x(t)+ε

x(t)
φ(x, t)dx yields

the following

⟨∂tρ̄ε, φ⟩ ≈
∫

∞

0

{

x′(t)(ρ0 − ρ1) + ε

(

ζ ′0(t)

εk
+

ζ ′1(t)

εβ

)}

φ(x(t), t)dt

+

∫

∞

0

{

εx′(t)

(

ζ0(t)

εk
− ρ0 +

ζ0(t)

εk
− ρ1

)}

∂xφ(x(t), t)dt

=

〈(

x′(t)(ρ0 − ρ1) + ε

(

ζ ′0(t)

εk
+

ζ ′1(t)

εβ

))

δ(x(t)), φ(x, t)

〉

+

〈

−εx′(t)

(

ζ0(t)

εk
− ρ0 +

ζ0(t)

εk
− ρ1

)

δ′(x(t)), φ(x, t)

〉

.
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Note that f ≈ g means that f−g
ε converges to zero as ε → 0. We continue with the flux:

〈

∂x

(

ρ̄ε

(

ūε +

∫ t

0

a(s)ds

)(

1−
(

ρ̄ε
ρ

)a))

, φ(x, t)

〉

= −
〈

ρ̄ε

(

ūε +

∫ t

0

a(s)ds

)(

1−
(

ρ̄ε
ρ

)a)

, ∂xφ(x, t)

〉

= −
∫

∞

0

∫ x(t)−ε

−∞

ρ0

(

ũ0 +

∫ t

0

a(s)ds

)(

1−
(

ρ0
ρ

)a)

∂xφdxdt

−
∫

∞

0

∫ x(t)

x(t)−ε

ζ0(t)

εk

(

η0(t)

εγ

)(

1−
(

ζ0(t)

εkρ

)a)

∂xφdxdt

−
∫

∞

0

∫ x(t)+ε

x(t)

ζ1(t)

εβ

(

η1(t)

εδ

)(

1−
(

ζ01(t)

εβρ

)a)

∂xφdxdt

−
∫

∞

0

∫

∞

x(t)+ε

ρ1

(

ũ1 +

∫ t

0

a(s)ds

)(

1−
(

ρ1
ρ

)a)

∂xφdxdt

≈
∫

∞

0

−f1(ρ0, ũ0)
(

φ(x(t), t)− ε∂xφ(x(t), t)
)

+
ζ0(t)

εk

(

η0(t)

εγ

)(

1−
(

ζ0(t)

εkρ

)a)
(

−ε∂xφ(x(t), t)
)

− ζ1(t)

εβ

(

η1(t)

εδ

)(

1−
(

ζ01(t)

εβρ

)a)
(

ε∂xφ(x(t), t)
)

+ f1(ρ1, ũ1)
(

φ(x(t), t) + ε∂xφ(x(t), t)
)

dt

=
〈

−{f1(ρ0, ũ0)− f1(ρ1, ũ1)} δ(x(t)), φ(x, t)
〉

+

〈

ε

{

ζ0(t)

εk

(

η0(t)

εγ

)(

1−
(

ζ0(t)

εkρ

)a)

− f1(ρ0, ũ0)

+
ζ1(t)

εβ

(

η1(t)

εδ

)(

1−
(

ζ1(t)

εβρ

)a)

− f1(ρ1, ũ1)

}

δ′(x(t)), φ(x, t)

〉

.

Since the sum of these two terms must be 0 for all ε > 0 following (2.3), we require

x′(t)[ρ] + lim
ε→0

{

ε

(

ζ ′0(t)

εk
+

ζ ′1(t)

εβ

)}

− [f1(ρ, ũ)] = 0, (4.7)

0 = −x′(t) lim
ε→0

{

ε

(

ζ0(t)

εk
+

ζ1(t)

εβ

)}

+ lim
ε→0

{

ε
ζ0(t)

εk

(

η0(t)

εγ

)(

1−
(

ζ0(t)

εkρ

)a)

+ ε
ζ1(t)

εβ

(

η1(t)

εδ

)(

1−
(

ζ01(t)

εβρ

)a)}

. (4.8)

Using similar calculations for (2.4), we obtain

x′(t)[ρũ]+ lim
ε→0

{

ε

(

ζ0(t)

εk

(

η0(t)

εγ
−
∫ t

0

a(s)ds

))′

+ ε

(

ζ1(t)

εβ

(

η1(t)

εδ
−
∫ t

0

a(s)ds

))′
}

− [f2(ρ, ũ)] = 0,

(4.9)

0 =− x′(t) lim
ε→0

{

ε

(

ζ0(t)

εk

(

η0(t)

εγ
−
∫ t

0

a(s)ds

))

+ ε

(

ζ1(t)

εβ

(

η1(t)

εδ
−
∫ t

0

a(s)ds

))}

+ lim
ε→0

{

ε
ζ0(t)

εk

(

η0(t)

εγ
−
∫ t

0

a(s)ds

)(

η0(t)

εγ

)(

1−
(

ζ0(t)

εkρ

)a)

(4.10)

+ ε
ζ1(t)

εβ

(

η1(t)

εδ
−
∫ t

0

a(s)ds

)(

η1(t)

εδ

)(

1−
(

ζ1(t)

εβρ

)a)
}

= 0.
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Thus, (2.3) and (2.4) are satisfied by the shadow wave ansatz (4.5) if and only if (4.7) - (4.10) hold.
We now seek to determine values of the parameters k, β, γ, δ such that each of the limits is finite, thereby
ensuring that the equations are satisfied.

4.2.1 Delta Solutions for a < 0

There are many combinations of k, β, γ, δ which could yield a potential solution to (4.5), but we only observe
one numerically: for a < 0, let k = β = 1 and γ = δ = 0. Using (4.6), κ1(t) = x′(t)[ρ] − [f1(ρ, ũ)(t)], and
κ2(t) = x′(t)[ρũ]− [f2(ρ, ũ)(t)], (4.7) - (4.10) become

−κ1(t) = ζ ′0(t) + ζ ′1(t),

x′(t)
(

ζ0(t) + ζ1(t)
)

= ζ0(t)η0(t) + ζ1(t)η1(t),

−κ2(t) =

(

ζ0

(

η0 −
∫ t

0

a(s)ds

))′

(t) +

(

ζ1

(

η1 −
∫ t

0

a(s)ds

))′

(t),

x′(t)

(

(

ζ0

(

η0 −
∫ t

0

a(s)ds

))

(t)+

(

ζ1

(

η1 −
∫ t

0

a(s)ds

))

(t)

)

= ζ0(t)η0(t)

(

η0(t)−
∫ t

0

a(s)ds

)

+ ζ1(t)η1(t)

(

η1(t)−
∫ t

0

a(s)ds

)

.

Let ζ(t) := ζ0(t) + ζ1(t), η(t) := η0(t)−
∫ t

0
a(s)ds, and η0(t) = η1(t), which yields

x′(t) = η(t) +

∫ t

0

a(s)ds, (4.11)

ζ ′(t) =− κ1(t), (4.12)

(ζη)′(t) =− κ2(t). (4.13)

Note that the initial value problem specified in (2.6) also provides the initial conditions for the present
system. As the unbounded solution is expected to occur at the discontinuity, we require x(0) = 0, and, as
the initial conditions are bounded, we require ζ(0) = 0.

This system corresponds exactly to the one produced using the method outlined in Section 4.1 where
ζ(t) = ω(t) and η(t) = ũδ(t). Using this connection, we can solve for what ũδ(0) = s− = η(0) must be in

both cases
(

assuming a continuous ũδ(t)
)

: let K1(t) =
∫ t

0
κ1(s)ds and K2(t) =

∫ t

0
κ2(s)ds. Then

ζ(t) =−K1(t) = x(t)[ρ]−
∫ t

0

[f1(ρ, ũ)(s)]ds,

ζ(t)η(t) =−K2(t) = x(t)[ρũ]−
∫ t

0

[f2(ρ, ũ)(s)]ds,

=⇒ η(0) = s− = lim
ε→0

ζ(ε)η(ε)

ζ(ε)
= lim

ε→0

−K2(ε)

−K1(ε)

= lim
ε→0

x′(ε)[ρũ]− [f2(ρ, ũ)(ε)]

x′(ε)[ρ]− [f1(ρ, ũ)(ε)]

=
s−[ρũ]−

[

ρũ
(

ũ+
∫ 0

0
a(s)ds

)(

1−
(

ρ
ρ

)a)]

s−[ρ]−
[

ρ
(

ũ+
∫ 0

0
a(s)ds

)(

1−
(

ρ
ρ

)a)] ,

=⇒ s2
−
[ρ]− s−

(

[ρũ] +

[

ρũ

(

1−
(

ρ

ρ

)a)])

+

[

ρũ2

(

1−
(

ρ

ρ

)a)]

= 0. (4.14)

4.2.2 Delta Solutions for a > 0

For a > 0, we similarly find many combinations that could yield a potential solution, but the combination
that we observe numerically satisfies the Rankine-Hugoniot condition only in the second component of (3.9)
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when a(t) ≡ 0 and in neither component otherwise. We also observe numerically that the delta occurs in ρ

when ũ = −
∫ t

0
a(s)ds. Thus, we expect limε→∞ ũi,ε = −

∫ t

0
a(s)ds.

Let k = β = 1 and γ = δ = −a. Then (4.7) - (4.10) become

−x′(t)[ρ] + [f1(ρ, ũ)(t)] = ζ ′0(t) + ζ ′1(t),

x′(t)
(

ζ0(t) + ζ1(t)
)

= −ζ0(t)η0(t)

(

ζ0(t)

ρ

)a

− ζ1(t)η1(t)

(

ζ1(t)

ρ

)a

,

−x′(t)[ρũ] + [f2(ρ, ũ)(t)] = −
(

ζ0(t)

∫ t

0

a(s)ds

)′

−
(

ζ1(t)

∫ t

0

a(s)ds

)′

,

x′(t)

(

−ζ0(t)

∫ t

0

a(s)ds− ζ1(t)

∫ t

0

a(s)ds

)

=

(

ζ0(t)η0(t)

(

ζ0(t)

ρ

)a

+ ζ1(t)η1(t)

(

ζ1(t)

ρ

)a)∫ t

0

a(s)ds.

Let ζ0(t) = ζ1(t), ζ(t) := ζ0(t) + ζ1(t), and η(t) = η0(t) = η1(t). Note that [ρũ] ̸= 0 outside the regions in
which we can connect the left and right states with combinations of classical curves. We obtain the following
system of ODEs

η0(t) =− x′(t)

(

ρ
1
2ζ(t)

)a

, (4.15)

ζ ′(t)

(

1 +
[ρ]

[ρũ]

∫ t

0

a(s)ds

)

+ ζ(t)
[ρ]

[ρũ]
a(t) = [f1(ρ, ũ)(t)]− [ρ]

[f2(ρ, ũ)(t)]

[ρũ]
, (4.16)

x′(t) =
[f2(ρ, ũ)(t)]

[ρũ]
+

1

[ρũ]

(

ζ(t)

∫ t

0

a(s)ds

)′

. (4.17)

We have similar initial conditions as last time for this system of ODEs, since we are still working with the
Riemann problem, namely, ζ(0) = 0 and x(0) = 0. Since γ = δ = −a, we do not need to worry about
η(0) = 0.

Our solution to (4.5), therefore, in the limit ε → 0 is of the form

ũε(x, t) =











ũL x < x(t),

−
∫ t

0
a(s)ds x = x(t),

ũR x > x(t),

ρε(x, t) =











ρL x < x(t),

ζ(t)δ
(

x− x(t)
)

x = x(t),

ρR x > x(t).

4.3 Overcompressive Regions Numerically

We seek delta-shock solutions connecting a given left state (ρL, uL) to a right state (ρR, uR) that are over-
compressive. This means that all characteristic curves must intersect the delta-shock from both sides. To
define our admissibility criterion, we use the following inequality:

max {λa(U), λ0(U)} < x′(t) < min {λa(UL), λ0(UL)} , (4.18)

where x′(t) denotes the delta shock speed.
In this section, we present plots for various values of a, which illustrate the corresponding wave structures

and their dependence on the system parameters. First, we present Case 18 in Figure 2, noting how the regions
are bounded by the mirror curve C0,m and the asymptote, which describes the limiting behavior of C0 as
ρ → ∞.

We also consider Case 13 in Figure 3, where the boundary is initially the “limiting” curve C0,ℓ that arises
when a < 0 because, as ρL → ∞, C0 approaches

C0,ℓ(ρL, ũL) : ũ =
−ρa

ρa − ρa
(ũL −A) + ũL. (4.19)
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(a) Overcompressive Region at t = 0 (b) Overcompressive Region at t = 3

(c) Overcompressive Region at t = 6 (d) Overcompressive Region at t = 9

Figure 2: Case 18. a = −0.5, a(t) = 0.1, ρL = 5, ρ = 3, ũL = 4.

(a) Overcompressive Region at t = 0 (b) Overcompressive Region at t = 20

(c) Overcompressive Region at t = 40 (d) Overcompressive Region at t = 50

Figure 3: Case 13. a = −0.5, a(t) = 0.1, ρL = 3, ρ = 5, ũL = −4.
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Finally, cases with positive exponent a exhibit a similar nature to those with a < 0, with the mirror curve
serving as the initial boundary for the overcompressive region, which subsequently retreats. We present Case
19 in Figure 4 below.

(a) Overcompressive Region at t = 0 (b) Overcompressive Region at t = 15

(c) Overcompressive Region at t = 30 (d) Overcompressive Region at t = 45

Figure 4: Case 19. a = 0.5, a(t) = 0.1, ρL = 3, ρ = 5, ũL = −4.

5 Regions for Classical and Nonclassical Solutions

5.1 Numerical Preliminaries

The Local Lax-Friedrichs (LLF) scheme is a commonly used numerical method for approximating solutions to
hyperbolic conservation laws. The scheme uses a discretization of the spatio-temporal domain into grid points
at which the conserved quantities H = (ρ ρũ)

T
are reconstructed. Letting ∆x and ∆t be the corresponding

cell dimensions, we can represent any point in our grid as (xi, tj) = (i∆x, j∆t). The solution at point (i, j)

can be written similarly as Hj
i = H(xi, tj). By splitting the flux G across the left and right spatial neighbors,

we can numerically reconstruct the solution using the following formula:

Hj+1
i =

1

2
(Hj

i−1 +Hj
i+1) +

CFL

2λ
(Gj

i+1 −Gj
i−1), (5.1)

where λ := maxi |λi| is the greater of the two characteristic speeds. The Courant number CFL = λ∆t
∆x

measures the numerical stability of the scheme and must be chosen such that

λ
∆x

∆t
≤ 1

2
. (5.2)

We will keep ∆x = 1 constant so that the CFL condition simply entails requiring λ∆t ≤ 1
2 throughout

the procedure. Note, then, that our spatial grid size is always fixed; however, the time steps between each
iteration of the procedure may differ significantly depending on the eigenvalues calculated at each middle
state. By obeying the CFL condition, we guarantee that the scheme converges to the physically correct weak
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solution satisfying the Lax Entropy Condition [41]. For a more in-depth treatment and explanation of the
LLF scheme, consult [25, 26].

Because the system’s eigenvalues can significantly influence the time scale, certain choices of physical
parameters will be easier to numerically analyze than others. Our system can be simplified into a multitude
of cases depending on the physical parameters and initial states. When generating solution curves for each
case, we chose the following conditions:

• ρ = 6;

• a ∈ {−1.5,−1,−0.5, 0.5} for each of the four cases of a we will consider;

• ρL ∈ {4, 6, 10} and ũL = ±3 depending on the ordering of ρL and ρ and the sign of ũL;

• The source term a(t) will be chosen to elucidate the different behaviors of our system. We will begin our
analysis of the cases by considering a(t) ≡ 0 so that the regions can be understood without reference to
time. Later, we shall consider monotonic source terms, the time-scale of which is comparable to that
of the LLF procedure. When examining the behavior of the middle states at a fixed point in time, the
analysis of the case for a(t) ≡ 0 will prove useful.

It is worth mentioning that we have introduced the change of variables in our code m = ρũ so that our
vector of conserved quantities may be written more simply as H = (ρ m)T . Furthermore, our left and right
states are represented in our figures as L = (ρL ũL)

T and R = (ρ ũ)T , respectively. Lastly, the data were
renormalized every 100 steps within an error bound of 10−7 to minimize numerical noise and ensure accuracy.

5.2 Interpretation of Numerical Outputs

When interpreting the numerical figures, we look at the graphs of ρ and ũ versus x/t together and compare
how ρ and u change or remain constant at the same x/t values. We did this to keep the scale of our figures
more or less reasonable, and the graphing of multiple plots on the same axis at later times showed how the
speeds that control the system changed over time. Our original plots showed 20 iterations (each with 1000
steps) to illustrate behavior over time, while the right column displays the final iteration, which most closely
portrays the weak solution. We used increasing thickness to differentiate the graphs at different times. Note
that these cases can appear in different sections of the same graphs as you move from left to right in x/t. A
single graph may show multiple features in sequence, such as an Ra followed by a vacuum and then a C0.

Following the analysis in Sections 3 and 4, we expect the following behaviors:

• When the density ρ varies while the velocity u remains fixed:

– For a ̸= −1, this indicates Sa, a shock of the a-family or a-shock, or Ra, an a-rarefaction:

∗ If ρ changes abruptly, there is a jump discontinuity and thus an a-shock.

∗ A smooth variation in ρ represents an a-rarefaction wave.

– For a = −1, such behavior indicates an a-contact discontinuity, denoted Ca.

• If ρL ̸= ρ, then ρ and u changing simultaneously indicates C0. In the special case where ρL = ρ, the
discontinuity C0 manifests itself as a vertical segment, where ρ = ρL = ρ remains constant while u
changes.

• If ρ drops to zero, the solution enters a vacuum state.

• If velocity u exhibits only minor variation, but density ρ becomes sharply concentrated (approaching
a Dirac delta distribution), this signals the formation of a delta shock.

We will define the asymptote A = −
∫ t

0
a(s)ds as the cumulative effect of the source term on our system

at a given time t. From this, our change of variables can be written in the equivalent form ũ = u+A.
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5.3 Regions for the Solution of the Riemann Problem

The equations for our shocks, rarefactions, and contact discontinuities, as determined in 3, are given by

S(ρL, ũL) : ũ = ũL, (5.3)

R(ρL, ũL) : ũ = ũL, (5.4)

C(ρL, ũL) : ũ =
ρa − ρaL
ρa − ρa

(

ũL +

∫ t

0

a(s)ds

)

+ ũL. (5.5)

The regions are further defined by the ρ-axis and the max bound of the overcompressive region calculated
numerically in Section 4.3. Certain limiting behaviors of C(ρ, ũ) as ρ → 0 or ∞ discussed in Section 3.2.3
play a crucial role in distinguishing different regions in the state space where qualitatively distinct solutions
occur.

Referring back to the Riemann problem defined in equation (2.6), we consider initial data consisting of
a left state (ρL, ũL) and a right state (ρ, ũ). The goal is to construct a solution path that connects these
two states. Depending on the specific configuration of the initial data, the state space is divided into several
regions, each corresponding to a particular solution structure. Across the twenty-four cases analyzed, we
identify six distinct types of regions, each characterized by a specific wave pattern or a combination of waves.
These are listed below:

• Region I: Sa and C0

In this region, the Riemann solution consists entirely of classical waves. The transition from the left
to the right state is achieved through a combination of a shock and a contact discontinuity. The order
in which these waves appear depends on the specific initial conditions of the case under consideration.

• Region II: Ra and C0

The connection between the left and right states in this region is accomplished through a rarefaction
wave followed by a contact discontinuity. The rarefaction provides a smooth transition between states
that violate the Lax entropy criterion, because it features an increase in the associated characteristic
speed across the wave. The specific order of the waves is determined by the eigenvalue configuration
in each case.

• Region III: Ca and C0

When a = −1, the a-family shock and rarefaction waves collapse into a single contact discontinuity
that lies along the line u = ũL. The ordering of the two resulting contact discontinuities depends on
whether (ũL +

∫ t

0
a(s) ds) > 0 or not.

• Region IV : Delta Shock Sδ

The right state lies in a region that cannot be connected to the left state through classical wave
structures. Instead, the solution exhibits blow-up behavior in the density variable ρ. This configuration
occurs only in the overcompressive regime (where both sides enter the shock), and in some cases, a
wave of the a-family is required to supplement the delta shock.

• Region V : Vacuum
In certain cases, the right state can only be connected to the left by permitting the density ρ to vanish,
thereby introducing a vacuum state. Some of the subsequent figures subdivide the vacuum region based
on the specific sequence of waves that compose the solution. Subscripts indicate these subregions; for
example, “Region VC0V CaC0

” represents a solution consisting of a contact discontinuity into vacuum,
followed by two additional contact discontinuities. The appearance of two contact discontinuities of
the same 0-family is admissible in this context due to the degeneracy at ρ = 0.

• Region V I: States that pass through degeneracy
At ũ = −

∫ t

0
a(s)ds, the system loses strict hyperbolicity, necessitating a reinterpretation, or “reset”,

of the Riemann problem across this degeneracy. As a result, it becomes admissible to use two classical
wave curves of the same family on either side of the degenerate state, which will arise as a curve of the
a-family followed by a C0 along the line ρ = ρ (when λ0 = 0) and finishing with another curve of the
a-family.
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Throughout this paper, region subscripts indicate the wave family that initiates the solution path from the
left state. For instance, Ia means that in the region I, the left state first connects to the middle state via
the a-family curve, specifically through a shock Sa, followed by a contact discontinuity C0.

5.3.1 a < −1

We first consider

• Case 1 (λa < 0 < λ0): uL < A and ρL < ρ,

• Case 2 (λa < λ0 = 0): uL < A and ρL = ρ, and

• Case 3 (λa < λ0 < 0): uL < A and ρL > ρ,

and we analyze the different regions and the corresponding wave combinations that constitute the solution
to the Riemann problem, describing in detail the sequence of waves that connect the left and right states.

We will initially consider the regions that exhibit a solution to the Riemann problem when a(t) ≡ 0. For
Cases 1 - 3, we have the following regions presented in Figure 6:

• Region Ia: The solution connects the left state to the right through an a shock, followed by a contact
discontinuity of the 0-family.

• Region IIa: The left state is connected to the right by an a-rarefaction curve followed by a contact
discontinuity of the 0-family.

• Region IVa: The left state follows an a-rarefaction to a middle state from which an over-compressive
δ-shock Sδ, where ρ goes to infinity, connects it to the right state.

• Region V I: In Cases 1 and 3, the left state connects to ρ = ρ̄ via either an Ra rarefaction or an Sa

shock, respectively, unless it already lies on the critical line ρ = ρ̄. From there, the solution proceeds
along the C0 contact discontinuity of Case 2, moving vertically along ρ = ρ̄. Finally, the path continues
from the point (ρ̄, ũ) to the right state (ρ, ũ) via either an Sa shock or an Ra rarefaction, as outlined
in the forthcoming Case 5.

As numerical evidence is space-consuming, we present only Case 1 in Figure 5, but the state space and
regions are similar for Cases 2 and 3. See Culver et al. [5] for the state space figures for all 24 cases.

•

ρC0

RaSa

V IV I

Ia

IVa

IIa

ρ

ũ

Figure 5: Case 1: State space of regions. λa < 0 < λ0.
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(a) Right State: (2,−5). Region Ia. Sa + C0. (b) Right State: (7,−2). Region IIa. Ra + C0.

(c) Right State: (9,−9). Region IV . Ra + Sδ. (d) Right State: (4, 5). Region V I. Ra + C0 +Ra.

Figure 6: Case 1: Numerical evidence. a(t) = 0. Left State: (3,−3). Parameters: ρ̄ = 5, a = −1.5.

The next three cases are similar to the preceding three:

• Case 4 (λa > 0 > λ0): ũL > A and ρL < ρ,

• Case 5 (λa > λ0 = 0): ũL > A and ρL = ρ, and

• Case 6 (λa > λ0 > 0): ũL > A and ρL > ρ.

Figure 7 shows the state space for Case 4. For a(t) ≡ 0, the regions presented in Figure 8 are:

• Regions I0, II0, and IV : These regions exhibit the same wave connections as in Cases 1-3, but the
order in which these waves occur is reversed, and region IV exhibits no a-rarefaction to a middle state.
For instance, in Region I0, the left state is connected to the right in the manner of C0 → Sa, instead
of Sa → C0.

• Region V : The left state is connected to the right state by a composite wave consisting of shocks,
rarefactions, and contact discontinuities. The wave combinations needed to reach the right state in
Region V are denoted in the figure for the state space of that case. For instance, if we are looking at
Case 4 with our right state in the portion of Region V to the right of ρ, then the solution follows a
contact discontinuity to a vacuum, followed by an a-rarefaction to Case 3, followed by another contact
discontinuity.
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•

ρ

C0

C0,m

SaRa

II0 I0

IV

VC0V C0
VC0V RaC0

ρ

ũ

Figure 7: Case 4: State space of regions. λa > 0 > λ0.

(a) Right State: (7, 5). Region I0. C0 + Sa. (b) Right State: (2, 5). Region II0. C0 +Ra.

(c) Right State: (9,−8). Region IV . Sδ. (d) Right State: (4,−5). Region V . C0 + V + C0.

Figure 8: Case 4: Numerical evidence. a(t) = 0. Left State: (3, 3). Parameters: ρ̄ = 5, a = −1.5.
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Let us now consider Case 1 when the right state is in Region I and a(t) = 0.1. In this case, our horizontal

asymptote A = −
∫ t

0
a(s)ds = −0.1t moves in the negative ũ-direction as time progresses. Towards the

beginning of the LLF procedure, the problem is similar to the standard Case 1 analysis with a(t) ≡ 0.
However, as time progresses, we see that the asymptote will move downwards and pass the left state (ρL, ũL),
causing the case to switch to 4. When observing the state-space graphs, keep in mind that they are for the
system without a source term. When a(t) is nontrivial, the ρ axis of these plots is actually the asymptote

A = −
∫ t

0
a(s)ds. This is due to the fact that u > 0 precisely when ũ+

∫ t

0
a(s)ds > 0, i.e., ũ > A. The plots

of all the state-space graphs can then be considered plots of the middle states if the ρ axis is replaced by the
horizontal asymptote A.

Figure 9 presents the solution graphs for ρ and ũ at five separate times during the LLF procedure.
Initially, the middle states begin to follow a shock followed by a contact discontinuity. This can be inferred
from the left most plots of ρ and ũ: we first see ρ decreasing a bit before both states increase. As the
horizontal asymptote A passes the middle state, ũ > 0, and we thus enter Case 4 (Cases 1 and 4 share the
same physical parameters, except for the sign of ũ). Once the case changes, we observe that the middle
states follow a contact discontinuity, followed by a rarefaction, as the right state is now in Region II0. This
behavior is expected, given that our right state is now in a new region due to the case transition: Region II0
of Case 4. The final iteration of the procedure is shown on the right of the figure. Notice that the original
shock is now gone, and we are left only with the contact discontinuity and rarefaction of Case 4.

Figure 9: Case 1: Ia → Case 4: II0

5.3.2 −1 < a < 0

The cases for −1 < a < 0 are quite similar to those for a < −1. We present the following cases via the
example of Case 13 in Figures 10 and 11:

• Case 13 (λa < λ0 and 0 < λ0): ũL < A and ρL < ρ,

• Case 14 (λa < λ0 = 0): ũL < A and ρL = ρ, and

• Case 15 (λa < λ0 < 0): ũL < A and ρL > ρ.
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•

ρC0

C0,m

C0,ℓ

SaRa

IV

IIa

Ia

V I

ρ

ũ

Figure 10: Case 13: State space of regions. λa < λ0 and 0 < λ0.

(a) Right State: (7,−2). Region Ia. Sa + C0. (b) Right State: (2,−5). Region IIa. Ra + C0.

(c) Right State: (9,−9). Region IV . Sδ. (d) Right State: (7, 5). Region V I. Sa + C0 +Ra.

Figure 11: Case 13: Numerical evidence. a(t) = 0. Left State: (3,−3). Parameters: ρ̄ = 5, a = −0.5.
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The regions for the solution to the Riemann problem when a(t) ≡ 0 are analogous to Cases 1 - 3. For
example, Region I is still reached through classical means: Sa → C0.

The next few cases are the same as the preceding three except that ũL < −
∫ t

0
a(s)ds:

• Case 16 (0 > λ0 and λa > λ0): ũL > A and ρL < ρ,

• Case 17 (λa > λ0 = 0): ũL > A and ρL = ρ, and

• Case 18 (λa > λ0 > 0): ũL > A and ρL > ρ.

We present Case 16 in Figures 13 and 12.

(a) Right State: (2, 5). Region I0. C0 + Sa. (b) Right State: (7, 5). Region II0. C0 +Ra.

(c) Right State: (9,−9). Region IV . Sδ. (d) Right State: (7,−2). Region V . C0+V +Sa+C0.

Figure 12: Case 16: Numerical evidence. a(t) = 0. Left State: (3, 3). Parameters: ρ̄ = 5, a = −0.5.
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•

ρ

C0

C0,m

RaSa

I0 II0

IV

VC0V C0

VC0V SaC0

ρ

ũ

Figure 13: Case 16: State space of regions. 0 > λ0 and λa > λ0.

Figure 14: Case 13: Sδ → Case 16: II0

Similarly, the regions that appear in these cases are the same as those in Cases 4 - 6. Note again the
different subregions of Region V that require different combinations of waves to reach them.

Let us now consider Case 13, where the right state is in the overcompressive Region IV and a(t) = 0.1.

In this case, A = −
∫ t

0
a(s)ds = −0.1t is the horizontal asymptote that moves downward as time progresses.

For a short time t of the LLF procedure, the problem is similar to the standard behavior of Case 13 with
a(t) ≡ 0. However, as time progresses, we see that the asymptote will move downward and pass the left
state (ρL, ũL), causing the case to switch to Case 16.

Initially, the middle states begin to follow a delta shock as per the standard a(t) ≡ 0 analysis. As the
horizontal asymptote A passes the middle state, ũL > A and we thus enter Case 16. (Cases 13 and 16 share
the same physical parameters, except for the sign of u.) Once the case changes, we see that the middle states
follow a contact discontinuity followed by a rarefaction, since the right state is now in the classical Region
II. This behavior can be inferred from the graph of Case 16 state-space by remembering that our right state
is now in a new region due to the case transition. Figure 14 presents the state solution graphs for ρ and ũ at
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five separate times during the LLF procedure. We see that ρ initially follows a shock before tapering into a
rarefaction. The last iteration of the procedure shows that the case has fully transitioned into a rarefaction,
as expected, since ũ is constant.

5.3.3 a = −1

When a = −1, we observe the absence of shock or rarefaction waves of the a-family; rather, both characteristic
families produce contact discontinuities. Despite this, the regions that exhibit classical solutions are reached
largely in the same way as in the previous twelve cases.

We present the first three, for which ũL < A:

• Case 7 (λa < 0 < λ0) ũL < A and ρL < ρ,

• Case 8 (λa < λ0 = 0) ũL < A and ρL = ρ, and

• Case 9 (λa < λ0 < 0) ũL < A and ρL > ρ.

For a(t) ≡ 0, the regions that classify solutions to the Riemann problem are:

• Region IIIa: The solution travels along both contact discontinuities to reach the right state.

• Region IV : Like in the previous cases, the left state reaches the right through a delta shock Sδ.

• Region V I: The solution travels along three contact discontinuities—the first wave positions the middle
state in Case 8, the second lifts it up the ρ asymptote, and the third brings it horizontally to the right
state.

We present these regions in Figures 15 and 16.

•

ρ
C0

C0,m

C0,ℓ

Ca

IV

V I

IIIa

ρ

ũ

Figure 15: Case 7: State space of regions. λa < 0 < λ0.
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(a) Right State: (9,−9). Region IV . Sδ. (b) Right State: (6, 4). Region V I. Ca + C0 + Ca.

(c) Right State: (2,−5). Region IIIa. Ca + C0. (d) Right State: (6,−4). Region IIIa. Ca + C0.

Figure 16: Case 7: Numerical evidence. a(t) = 0. Left State: (3,−3). Parameters: ρ̄ = 5, a = −1.

When ũL > A, we get the following cases, for which we present the example Case 10 in Figures 17 and
18:

• Case 10 (λa > 0 > λ0): ũL > A and ρL < ρ,

• Case 11 (λa > λ0 = 0): ũL > A and ρL = ρ, and

• Case 12 (λa > λ0 > 0): ũL > A and ρL > ρ.
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•

ρ

C0

C0,m

Ca

IV

VC0V C0

VC0V CaC0

III0

ρ

ũ

Figure 17: Case 10: State space of regions. λa > 0 > λ0.

(a) Right State: (7, 5). Region III0. C0 + Ca. (b) Right State: (7,−2). Region V . C0+V +Ca+C0

(c) Right State: (9,−9). Region IV . Sδ

Figure 18: Case 10: Numerical evidence. a(t) = 0. Left State: (3, 3). Parameters: ρ̄ = 5, a = −1.
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The regions for the solution to the Riemann problem are analogous to what we have seen so far.
We will now present a scenario in which the density of the middle state reaches a vacuum before transi-

tioning into a series of contact discontinuities. Figure 19 shows Case 7 with the right state in Region IIIa
initially, and a(t) = 0.1. The corresponding horizontal asymptote is A = −0.1t, and we can expect to see a
transition to Case 10 as the asymptote passes between the two states. This behavior can be observed in the
figure: the states reach a vacuum from Case 10 before following the solution pattern of Region III0 of Case
10. The solution in this region is classical, and Figure 19 highlights that the final iterations of LLF show a
solution that seems to follow two contact discontinuities (the wave solutions of Case 10).

Figure 19: Case 7: IIIa → Case 10: VC0V C0
→ Case 10: III0

5.3.4 a > 0

We list the final six cases corresponding to a positive value of the exponent and present examples Case 19
and 22 in Figures 20 through 23.

• Case 19 (λa > λ0 and 0 > λ0): ũL < A and ρL < ρ,

• Case 20 (λa > λ0 = 0): ũL < A and ρL = ρ,

• Case 21 (λa > λ0 > 0): ũL < A and ρL > ρ,

• Case 22 (λa < λ0 and 0 < λ0): ũL > A and ρL < ρ,

• Case 23 (λa < λ0 = 0): ũL > A and ρL = ρ, and

• Case 24 (λa > λ0 < 0): ũL > A and ρL > ρ.
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•

ρ

C0

C0,m

RaSa

IV

I0

II0

VC0V C0

VC0V SaC0

VC0V Ra

ρ

ũ

Figure 20: Case 19: State space of regions. λa > λ0 and 0 > λ0.

(a) Right State: (2,−5). Region I0. C0 + Sa (b) Right State: (7,−5). Region II0. C0 +Ra

(c) Right State: (9, 9). Region IV . Sδ. (d) Right State: (7, 2). Region V . C0 + V + Sa +C0

Figure 21: Case 19: Numerical evidence. a(t) = 0. Left State: (3,−3). Parameters: ρ̄ = 5, a = 0.5
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•

ρ

C0

C0,m

C0,ℓ

SaRa

V
R
a
V
C
0

IIa

Ia

V I V I

ρ

ũ

Figure 22: Case 22: State space of regions. λa < λ0 and 0 < λ0.

(a) Right State: (7, 5). Region Ia. Sa + C0 (b) Right State: (2, 4). Region IIa. Ra + C0

(c) Right State: (1, 5). Region V . Ra + V + C0 (d) Right State: (4,−4). Region V I. Sa + C0 + Sa

Figure 23: Case 22: Numerical evidence. a(t) = 0. Left State: (3, 3). Parameters: ρ̄ = 5, a = 0.5
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For a(t) zero, the regions for the solution to the Riemann problem are the same as the previous cases.
We will look at Case 19 when a(t) = 0.05 and the right state is in Region V . In this case, the horizontal
asymptote A = −0.05t is falling with time and will eventually pass the middle states at some point during
the LLF procedure. When this happens, the state-space will switch from Case 19 to Case 22 (ũ > A).

Initially, the density drops to zero as the solution enters a vacuum state in accordance with the solution
pattern of Region V of Case 19. As time progresses, however, we switch to Case 22 and the solution follows
a rarefaction followed by a contact discontinuity (Region IIa). Figure 24 shows the solution plots at five
different times throughout the LLF procedure. Note that the density plots move upward with each iteration,
and the final iteration shows the ”vacuum-like” cusp of the ρ plot acting as the rarefaction (when ρ is
decreasing) and then the contact discontinuity (when both ρ and ũ are increasing).

Figure 24: Case 19: VC0V C0
→ Case 22: IIa

Now, let us turn to Case 22, where a(t) = −0.01 and the right state is in Region Ia. We observe that
as the value of A increases, ũL will become less than A, and the solutions will enter Case 19. Figure 25
shows the plots of the state solutions at several times during the LLF procedure. However, as the asymptote
moves, the region in which the right state is located is changed again, this time to the overcompressive
Region IV . At this point, the middle states follow a delta shock to Case 21 (ρ > ρ) and return along a
contact discontinuity. However, at later times, the right state moves into the solution pattern of Region
VC0V SaC0

, and the state solutions are seen traveling along a contact discontinuity towards a vacuum. The
final iteration elucidates this clearly – take note of each of the three waves in the structure. For an even
longer time, note that the right state will eventually also have ũ < A, meaning that we will be in Region II0
of Case 19.
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Figure 25: Case 22: Ia → Case 19: IV → Case 19: VC0V SaC0

Remark 1. Considering the vacuum curves we see numerically, we note that cases where a > 0 admit a
continuous connection between middle states (0, ũM1

) and (0, ũM2
). This curve satisfies ũM2

= λ0(M2) >
s > λ0(M1) = ũM1

, the same eigenvalue condition for rarefaction curves of the a-family which we observed
in Section 3.2.1. When a < −1, a = −1, and − 1 < a < 0, a jump discontinuity in ũ arises when ρ = 0,
appearing as a shock. This could only be a shock of the 0-family as

λ0(0, ũ) =







+∞
(

ũ +
∫ t

0
a(s)ds

)

> 0,

−∞
(

ũ +
∫ t

0
a(s)ds

)

< 0.

Although a full treatment of this is beyond the scope of the present work, we have briefly sketched the under-
lying idea here. A more detailed investigation will be pursued in a subsequent study.

6 Grid Convergence

We will now discuss the effects of refining the x-t grid on the LLF procedure, and report the resulting changes
in the ρ and ũ plots for key test cases. To observe what happens as (∆x,∆t) decreases, we will allow ∆x
to take on various fractional values and note that ∆t = CFL∆x

λ → 0 as ∆x → 0 for fixed CFL = 0.8. We
will follow a common order estimation technique used for grid convergence, which defines a mutual ratio r
between successive grid refinements. For our purposes, we will choose r = 2 and ∆x ∈ {0.25, 0.5, 1}. We will
speak of ∆x1 = 0.25, ∆x2 = 0.5, and ∆x3 = 1 as the finest, medium, and coarsest grids, respectively.

The cases of most interest to us are the convergence of the delta shock singularities and the vacuum state
solutions. We will enter into a discussion of the former, but detailed analysis of the behavior of vacuum
solutions is difficult due to its arbitrary behavior even without grid refinement.

Case 1 provides a suitable example for a delta shock that is relatively unaffected in shape and evolution
by a(t) ≤ 0. The grid convergence analysis of delta shocks will be similar in these cases because the right
state will always be in Region IVa so long as the asymptote A(t) defined by the source term is non-decreasing
in time. For ease, we will choose a(t) ≡ 0 so that ∆t is constant throughout, with ρ̄ = 5, a = −1.5, and
left state (ρL, ũL) = (3,−3). The right state (ρR, ũR) = (10,−10) will be in Region IVa for the entirety of
the procedure, giving rise to a delta shock solution to the Riemann problem. Given this arrangement, the
corresponding ∆ti steps are ∆t1 = 0.016996, ∆t2 = 0.033992, and ∆t3 = 0.067983.

We first turn our attention to the location of the delta shock in x-t space for successive grid refinements.
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The formula used to estimate the order of convergence for the location of the delta shock is

order =
log(ε32/ε21)

log(r)
(6.1)

where ε32 is the difference between the locations of the delta shocks corresponding to ∆x3 = 1 and ∆x2 = 0.5,
with ε21 defined analogously [37]. Because the solution is self-similar, the location of the shock is written in
terms of x/t and is calculated by finding

argmax
x/t

ρ(x/t). (6.2)

Using the values observed from our grid refinement, we obtain an order of convergence of 0.5633 for the
location of the delta shock. We can see that the location of the delta shock converges at a rate less than
first-order. This is in large part due to the diffusivity of the LLF procedure, as well as the discontinuous
nature of the solution and is to be expected. Figure 26 shows plots of the delta shock for the different values
of ∆x at time t = 271.93. Notice that the location of the shock begins to converge.

Figure 26: Solution delta shocks for varying values of ∆x.

For field convergence of the density ρ, the error E is defined with respect to the L1 norm [35] as

EL1
(∆x) =

∆(x/t)

L

N
∑

i=1

|ρinterp∆x (xi/ti)− ρfine(xi/ti)| (6.3)

where ρinterp are the interpolated coarser ρ values onto the finer grid of ∆x1 = 0.25. The summation is taken
over the partition of the x/t axis of length L, where each segment has length ∆(x/t). This equation holds
similarly for ũ. The L1 field convergence of the density variable ρ is calculated to be 0.7875. This is less than
the ideal first-order nature expected of the LLF procedure, however solutions that exhibit discontinuities
will have comparably lower orders of convergence given the diffusive nature of the scheme than those that do
not. Similar work done on hyperbolic systems that produce delta shocks using first-order difference schemes
report an order of convergence as low as O(

√
∆x), or half-order, [24].
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The L1 field convergence of ũ is reported to be 1.3566, which is slightly greater than the expected first-
order convergence of the LLF procedure. The difference in the convergence of the two variables is to be
expected—in comparison to the density, the velocity ũ does not experience discontinuity during a delta
shock.

7 Sensitivity Analysis

In the previous sections, we investigated the solution to the Riemann problem for both trivial and slowly
varying monotonic source terms. We will now engage in a discussion on the behavior of delta shocks when a(t)
is an oscillatory function. The oscillatory source term we choose to investigate is of the form a(t) = A cos(Bt),
where A and B are the amplitude and frequency of the wave, respectively. From here, it can be seen that
the asymptote is

A(t) = −
∫ t

0

A cos(Bs)ds = −A

B
sin(Bt). (7.1)

Let us consider Case 1 with the right state in region IVa (Figure 5). When a(t) = 0, the delta shock
attributed to this scenario peaks at ρMAX = 327 (Figure 6c). Setting the amplitude and frequency provi-
sionally to unity does not alter the delta shock in any way (Figure 27a). In fact, our numerical findings show
that the delta shock is only sensitive to the ratio of the amplitude to the frequency—that is, changes in the
shape and evolution of the wave are only observed for changes in the quantity τ = A

B .
Figure 27 shows plots of the delta shock for τ = 1 and τ = 0.5. Notice that the actual amplitude and

frequency do not influence the behavior of the shock at all. There is also no discernible change between the
shocks attributed to τ = 1 or τ = 0.5—that is, all four plots in the figure appear the same. Our numerical
findings conclude that when τ ≤ 1, the delta shock is unaffected by the source term. This was observed by
plotting the delta shocks when the amplitude was fixed at unity and the frequency increased. All of these
delta shocks peak at ρMAX = 327.

(a) a(t) = cos(t) (b) a(t) = 100 cos(100t)

(c) a(t) = 0.5 cos(t) (d) a(t) = 50 cos(100t)

Figure 27: Case 1: Delta shocks given by various source terms of the form a(t) = A cos(Bt) when τ = 1 (top
row), and τ = 0.5 (bottom row).

Figure 28 shows the graphs of the delta shock when τ > 1. We see that the shape and magnitude of the
shock are relatively unaffected when τ = 5, similar to the plots of the proceeding figure. After this, however,
increases in τ result in a widening and damping of the shock. For τ = 7, 10, and 30, the magnitude of
the shock decreases to ρMAX = 284, 204, and 49, respectively. More values were tested, and a consistent
relationship was observed between the increase in τ > τc and the decrease of ρMAX , where τc is some critical
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value of the ratio. We are able to numerically obtain the critical value at which the magnitude of the delta
shock starts to decrease to be τ ≈ 5.6.

(a) a(t) = 5 cos(t) (b) a(t) = 7 cos(t)

(c) a(t) = 10 cos(t) (d) a(t) = 30 cos(t)

Figure 28: Case 1: Delta shocks given by various source terms of the form a(t) = A cos(Bt), where τ = A
B > 1.

We now turn to the case of an impulsive source term, and examine the effect it has on the formation of
delta shocks. The function we shall consider is the standard rectangular pulse function centered at t = t0
given by

a(t) =

{

M
ε , if |t− t0| ≤ ε

2 ,

0, otherwise
(7.2)

where M and ε are the magnitude and length of the pulse, respectively. The asymptote is the negative
integral of this pulse from 0 to t, namely

A(t) = −
∫ t

0

a(s)ds =











0, if t < t0 − ε
2 ,

−M
ε (t− t0 +

ε
2 ), if |t− t0| ≤ ε

2 ,

−M, if t > t0 +
ε
2 .

(7.3)

Keeping consistent with the oscillatory analysis, we will examine Case 1 when the right state is in Region
IVa. We will choose ε = 0.1 and t0 = 500, and show how different choices of M affect the stability of the
resulting delta shock. The choice of ε sufficiently small was found to have little bearing on the evolution
of shock wave solutions. Figure 29 shows plots of the delta shock for various magnitudes of the impulse
function. The values of M were chosen to be negative so that the horizontal asymptote A(t) would advance
upwards throughout the procedure, preserving both the case number and the delta shock solution. The
magnitude |M | of the pulse evidently affects the nature of the delta shock: the larger the magnitude of
the impulse, the smaller the delta shock. Recall that when a(t) = 0, the delta shock peaks at a value of
ρMAX = 327. The values of ρMAX for the four shocks are, in order, 277, 117, 75, 69.

It is also possible to observe how the delta shock changes with different offset times t0 of the impulse.
We choose M = −10 and plot several delta shocks for varying values of t0 in Figure 30.

The values of ρMAX for the delta shocks in Figure 30 are, in order, 138, 68, 26, and 18. Although
not shown, values of t0 greater than the duration of the procedure produce delta shocks with peak values
ρMAX = 327, consistent with the fact that a(t) ≡ 0 if the impulse never arrives. We observe that the sooner
the impulse function a(t) activates, the shorter and wider the delta shock will be. Figure 30 shows each
delta shock plotted on the same vertical axis to highlight the differences in height. However, it should be
noted that the shape of the shock is not as compromised as Figures 30c and 30d suggest. Figure 31 shows
these delta shocks plotted on a more appropriate vertical scale.
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(a) M = −1 (b) M = −10

(c) M = −50 (d) M = −100

Figure 29: Case 1: Delta shocks given by various impulsive source terms of magnitude |M |.

(a) t0 = 600 (b) t0 = 300

(c) t0 = 100 (d) t0 = 10

Figure 30: Case 1: Delta shocks given by various impulsive source terms of magnitude |M | = 10 with offset
t0.

(a) t0 = 100 (b) t0 = 10

Figure 31: Case 1: Delta shocks given by an impulsive source term of magnitude |M | = 10 for t0 = 100 and
t0 = 10, magnified.
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8 Conclusion

In this work, we study the Riemann problem of a nonsymmetric Keyfitz-Kranzer-type system with a time-
dependent source term which models transport dynamics constrained by density. A breakdown of strict
hyperbolicity results in the emergence of novel wave phenomena.

We analyze non-self-similar Riemann solutions to this system, identifying both classical wave structures,
such as shocks, rarefactions, and contact discontinuities, and non-classical features, including transitions
through degenerate states. We address the open question of whether classical and non-classical solutions
(delta shocks) are possible for various values of the parameter a ∈ R \ {0}.

We provide an affirmative answer by deriving various regions in twenty-four cases where the Riemann
problem can be solved classically (by using an a-shock, a-rarefaction, an a- or 0-contact discontinuity, or
a combination thereof) or nonclassically (by using a delta-shock). In addition to non-self-similar solutions
mentioned above, the associated Riemann problem admits solution structures that traverse vacuum states
(ρ = 0) and the critical density threshold (ρ = ρ̄), where mobility vanishes and characteristic speeds degen-
erate. We observe that these regions shift over time. Therefore, a Riemann problem with a given left- and
right-state can have different solutions over several time intervals. We also prove that the singular solution
(which involves a delta-shock) satisfies our system in the sense of distributions by employing two approaches.
The first involves directly substituting an ansatz with Dirac delta distributions into the weak formulation
using test functions. The second approach, known as the shadow wave method, constructs families of smooth
approximate solutions with sharply localized internal layers that converge to singular limits. The main result
of our work is the following theorem:

Theorem 1. Let a ∈ R \ {0}, and suppose that the left and right states (ρL, uL) and (ρR, uR) satisfy the
overcompressive condition (4.18). Then any delta-shock connecting these states satisfies the equations of the
original hyperbolic system in the sense of distributions. More precisely, for a < 0, this follows directly from
the verification of (4.1). For a ̸= 0, the solution can be interpreted as a shadow wave in the framework of
Nedeljkov.

More generally, the results highlight the challenge of solving the Riemann problem for a non-autonomous
system of balance laws (with source terms) due to the lack of self-similarity and the direct dependence of
the wave curves on time, which causes region shifts.

Lastly, we verify the feasibility of the Local Lax-Friedrichs method for time-dependent solutions by
adjusting key parameters to investigate changes over time. Future work will pursue various questions, such
as how these Riemann solutions can be used as building blocks in solving general Cauchy problems.

Additionally, while the LLF method produces reasonable results in areas of ample density, the dissipative
nature of the scheme causes numerically ambiguous results as the density approaches zero. Going forward,
we aim to implement a high-order, non-dissipative numerical scheme to more accurately analyze the behavior
of solutions in the presence of vacuums.
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