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CAHN-HILLIARD EQUATIONS ON LATTICES: DYNAMIC
TRANSITIONS AND PATTERN FORMATIONS*

JARED GROSSMAN'T, EVAN HALLORAN?!, AND SHOUHONG WANG#

Abstract. This article examines the dynamic phase transitions and pattern formations attributed
to binary systems modeled by the Cahn-Hilliard equation. In particular, we consider a two-dimensional
lattice structure and determine how different choices of the spanning vectors influence the resulting
dynamical transitions and pattern formations. As the basic steady-state loses its linear stability, the
binary system undergoes a dynamic transition which is shown to be characterized by both the geometry
of the domain and the choice of physical parameters of the model. Unlike rectangular domains, we are
able to observe the emergence of hexagonally—packed circles, as well as the familiar rolls and square
structures. We begin with the decomposition of our function space into a stable and unstable eigenspace
before calculating the center manifold that maps the former to the later. In analyzing the resulting
reduced equations, we consider the different multiplicities that the critical eigenvalue can have, which is
shown to be geometry-dependent. We briefly consider the long-range interaction model and determine
that it produces similar results to the original model.
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1. Introduction

The Cahn-Hilliard model is a partial differential equation that describes the process
of phase separation by which two components of a binary fluid spontaneously separate
and form domains pure in each component; see, e.g., Cahn and Hilliard [1], Novick-
Cohen and Segel [15], Reichl [17], and Pismen [16]. There are intensive mathematical
and physical studies on Cahn-Hilliard equations, including e.g. Goh and Scheel [3]
on pattern formation in the wake of triggered pushed fronts, Kielhofer [7] on station-
ary pattern solutions for the Cahn-Hilliard model, Nepomnyashchy [13] on mechanisms
that control coarsening and pattern formation, Nicolaenko-Scheurer-Temam [14] on in-
ertial manifolds for pattern-forming CH dynamics, Sell [18] on multi-peak/stationary
solutions in CH models, Maier-Paape & Wanner [12] on rigorous analysis of spinodal
decomposition and wavelength selection in higher dimensions, Choksi & Sternberg [2] on
CH energies with long-range interactions and periodic patterns, and Gusak & Tu [4] on
phase diagrams and spinodal decomposition and segregation modeled by Cahn-Hilliard.
The Cahn-Hilliard model is also used in modeling sharp interfaces of materials such as
in Liu and Shen [8], Shen and Yang [19] and the references therein, for the mixture
of two incompressible fluids and its approximations. Many situations can be modeled
as a phase separation of binary systems, and the systematic study of solutions to the
Cahn-Hilliard equation and their stabilities prove to be useful in the natural sciences.
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2 CAHN-HILLIARD EQUATIONS ON LATTICES

The main objective of this paper is to initiate a study of dynamic transitions and
pattern formations on a lattice periodic structure for the Cahn-Hilliard model without
or with a long-range interaction. The specific goal is then to explore how the geometry
of the spatial domain, the physical parameters v, and 73, and the control \ affect
(1) the type of phase transitions, (2) the structure of the transition states, and (3) the
emergence of different patterns (rolls, squares, hexagouns, etc.).

This article will examine the phase transition and pattern formation that occurs in
a lattice domain system. The control parameter A plays a critical role in determining
the degeneracy of the basic solution v =0 into patterns in the form of new solutions to
the model. Some patterns found in the lattice domain include rolls, squares, hexagons,
and rectangles in the far field.

It is classical that the Cahn-Hilliard model can be put in the perspective of an
infinite dimensional dissipative dynamical system. The mathematical analysis of the
model is carried using the dynamical transition theory developed by Ma and Wang [11].
For many problems in sciences, we need to understand the transitions from one state
to another, and the stability /robustness of the new states. For this purpose, a dynamic
transition theory is developed Ma and Wang [11], and is applied to both equilibrium
and non-equilibrium phase transitions in nonlinear sciences. The basic philosophy of
the dynamic transition theory is to search for the complete set of transition states,
which are represented by a local attractor, rather than some steady states or periodic
solutions or other type of orbits as part of this local attractor. A starting point of the
dynamic transition theory is the introduction of a dynamic classification scheme of dy-
namic transitions, with which phase transitions, both equilibrium and non-equilibrium,
are classified into three types: Type-I, Type-II and Type-III. Mathematically, these
transitions are also respectively called continuous, jump (or catastrophic) and mixed
(or random) transitions.

Consider the Cahn-Hilliard problem studied in this article. First, the key ingredients
of the analysis consist of the following. First, the solution on a lattice structure L with
dual lattice L*={nik; +mnoks|(ni,n2) €Z*} can be Fourier expanded, where k; and
ko are spanning vectors for the dual lattice; see Section 2 for details. The Fourier
modes correspond to eigenfunctions of the linearized equation. This leads to a precise
characterization of the critical thresholds, the principle of exchange of stabilities (PES),
and the stable and unstable modes.

Second, we derive leading order approximations of the center manifold function, so
that the stable modes are written as functions of the unstable/center modes. We then
derive the leading order approximation of the reduced system of the original Cahn-
Hilliard model on the center manifold. The reduced system depends on the number
of critical modes, the spatial geometry, and the physical parameters s, 3, and A.
The reduced system captures the precise information on types of phase transitions, the
structure of the transitions, and the related emerging patterns. For example, in the case
where the dimension of the critical space is four, the type of transition is dictated by
the sign of

b= Y3 — A7§7
with

4 2 K 1 N 2 N 2 ) 1 ] (11)
= g max > c c c c c ’ | Lc . :
9 B|k§® - [kf—KS[Z—|kS[2  [kT+ES[Z— K512 ) kS|

Here k$=n$k; +nSke and k§=n$k; +nks are critical vectors as defined e.g. in (3.4).
If >0, the system undergoes a continuous dynamical transition to a local attractor



GROSSMAN, HALLORAN, AND WANG 3

¥, homological to a 3D sphere S3. Also, ¥ contains two circles of steady states and
a two-dimensional torus of steady states. In addition, the solution on X gives rise to
square and roll patterns.

Third, reduction of our model into a system of reduced equations allows us to find
equilibrium solutions and transition types. As mentioned earlier, possible transitions
include continuous, jump, and mixed transitions. In a continuous transition, emerging
solutions stay within a neighborhood of the basic solution during bifurcation. Con-
versely, a jump transition exhibits solutions quickly diverging from the basic solution
and approaching the far field. Mixed transitions are those that exhibit behavior of both
continuous and jump transitions.

Fourth, for all cases with continuous transitions studied, we obtained detailed struc-
ture of the set of all transition states X, which is homological to an m —1 dimensional
sphere S™~!, consisting of steady states and their unstable manifolds. The steady
states on X, and their stability are explicitly derived as well. Different patterns of the
transition states are examined. Also we like to mention that in the multiplicity six case,
hexagon packed patterns also appear, which are absent in the classical Cahn-Hilliard
model on rectangular domains.

The paper is organized as follows. The Cahn-Hilliard model and its mathematical
section are given in Section 2. Linear instability and a general dynamical transition
theorem are derived in Section 3. Section 4 states the main theorems characterizing the
types of dynamical transitions. Theorem 4.1 on multiplicity 4 case is proved in Sections
5.1 & 5.2. Section 5.3 studies the structure and patterns of the set of transition states
Yy~ 53 see Theorem 5.1. Section 6 studies the multiplicity 2 case and the main
theorem is Theorem 6.1. Multiplicity 6 case is carefully investigated in Sections 7 & 8.
Section 8 deals with the case where the critical vectors satisfy k§=k{+ kS, and one has
to deal carefully with zeroes appearing in the denominators in some calculations. Two
appendices A & B are given for a brief introduction to the dynamical transition theory
and the approximation of center manifold functions used in the article.

Notations. For convenience, here are some of the notations and terminologies used in
the article.

- for physical parameters by,by,bs, see (2.4)
- for non-dimensional parameters \,y2,7s, see (2.6)
- for lattice L and dual lattice L*, see (2.5)

- the dual lattice vector is given by k=n1k; +noks with k1 and ks being the gen-
erating vectors and (ny,ns2)# (0,0)

- the critical vectors such as k§{ =n{ks +n$ke are defined in (3.4).

2. Cahn-Hilliard model

Since binary systems are conserved, the equations describing the Helmholtz process
and the Gibbs process are the same. Hence, without distinction we use the term “free
energy” to discuss this problem. Let u4 and up be the concentrations of components A
and B respectively, then up=1—wu4. In a homogeneous state, up =up is a constant.
We now consider the case where the Helmholtz free energy is given by

F(u) =F0+/Q [g|VuB|2+f(uB)}dx, (2.1)

and the density function f is given by the Bragg-Williams potential, also called the
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Hildebrand theory [17], as follows:
f=paua+ppup+RT[uaslnus +uplnupg|+aupua, (2.2)

where pa,up are the chemical potentials of A and B respectively, R the molar gas
constant, a >0 the measure of repulsion action between A and B.
In a homogeneous state, up is a constant in space and is equal to its mean value,
i.e., up=1up. Let
Uu=up—upg, Ug=UpR-
Using the Landau mean field theory, we have the following Cahn-Hilliard equation

0
8—? — DA u+ Albyut 4 bau® +bzud), (2.3)

where the coefficients k, b1, bo and b3 are given by

D & f(uo) RT D
bli— = -2 —,
2 du? uo(1—wup) 2
D dgf(lto) 2’LLO -1
T3 dud 6ud(1—up)? RT, (24)
4
b3:Dd f(ug)  1—3ug+3u DRT.

4 dut T 12u3(1—wg)?

where D is the diffusion coefficient.

In this paper, we will explore the effort of the spatial geometry on phase transitions
and pattern formations when the spatial domain U is a lattice domain. Let [1,lo € R?
be any set of linearly independent vectors. We consider a two-dimensional lattice L and
its dual lattice L* given by

L:{Tllll +nals | (n1,n2)622},

: ; (25)
L z{n1k1+n2k2 ‘ (’I’Lhng)EZ },

where k;-1; =2m0;; for i,j€{1,2}. Let U be the area enclosed by the parallelogram
created by the vectors I; and Is.

The non-dimensional form of (2.3) is given by
= —A%u— MNAU+ A(yu® +y3u?), (x,t) ER?xRT,
u(z+1t)=u(z,t), VI €L,
u(z,0)=¢(x), (2.6)

/Uu(x,t)dx =0.

The non-dimensional variables and parameters with primes suppressed in (2.6) are given,
as in [11], by:

l4
x=Il2', t= M—Dt u=1uou,
:_& _ l2b2u0 _ lQbsug
/J:D, V2 MD ) V3 MD )
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where [ is a given length, ug=1up is the constant concentration of B, and ~3 > 0.
The solution of (2.6) takes the form

uwt)= Y (Ot rzBe ™), (2.7)
keL=\{0}

where each point of the lattice can be written as k=nik; +noke for some integers
(n1,n2)#(0,0), as in Hoyle [6]. Observe that the solution is periodic in L as desired.
From this, it can be calculated that

Au(z,t) = Z —[n1ky +noks|? (zk ()™ + 25 (H)e ™), (2.8)
keL*\{0}

A?u(z,t)= Z [n1ky 4 noka|* (21 (£)e™™ ™ + 2 (t)e =), (2.9)
keL*\{0}

To put the model (2.6) in the perspective of nonlinear dissipative dynamical systems,
we let

H:{u€L2(U)|/udx:0}7

U

H,={uc HYU)NH |u(z+1,t)=u(z,t),l €L},
Hijp={ue H*(U)NH |u(z+1,t)=u(x,t),l € L}.

(2.10)

We shall split the linear component of (2.6) into two operators: Ly=—A+Bx:Hy —H
and write the nonliear term as G': Hy /o — H by

Au=A%*u, Byu=-Xu, G(u)=A(yu?+y3u?). (2.11)
Then, (2.6) can be written as

Ou
5 =Lyu+G(u),

u(z,0)=(x).
It is then classical to show that for any ¢ € H, (2.12) has a global-in-time solution

(2.12)

we L*([0,T); H ) NL>([0,T]; H), for all T > 0. (2.13)
In other words, (2.12) is a well-posed dynamical system.

3. Dynamic transitions and principle of exchange of stabilities
To study the dynamical transitions and pattern formations of (2.12), we first ex-
amine the linear instability. Consider the linear eigenvalue problem Lyw = B(\)w given
by
—A%w—\Aw=p(Nw,
w(x+1)=w(x), VI €L,

/Uw(m)dx =0.

In view of (2.8) and (2.9), the eigenvalues and eigenfunctions of Ly are

Brins (A) == [n1k1 +noke|* + Nnik1 +n2ka|> = —|niky +noks |*(Jnak1 +n2ka|> = N),
(3.1)
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€ning = glnibkr-atnaks-z) (3.2)
Note that with notation k=nik; +noks, these can be written equivalently as
Be=—kP(k>=X),  ep=e™?,

and will be used interchangeably henceforth.
Let SCZ*\{(0,0)} be the set of all integer weights (ni,n2) that minimize the

magnitude of the vector k=mn1k; +nsks. More explicitly, denote

Sz{(nl,n2)€Z2\{(O70)} \|n1k1+n2k2|2: |pk1+qk2\2}. (33)

min
(p,q)€Z2\{(0,0)}

It can be seen that the possible values of the cardinality of S are two, four, and six. For
notation, when #5 =6, the elements of S are (ng,n$), (—n§,—n$), (n§,ns), (—ns,—ng),
(ng,n§), and (—ng,—n§). Define the critical vectors of L* by

fznfkl +7’L§k2,
kS =nSk1 +ngks, (3.4)

Should #S5 =2 or #5 =4, we will work only with one or two critical vectors, respectively.

We now give examples of three lattices in which the critical eigenvalue has multi-
plicity two, four, and six. When #5 =4, the four vectors that have minimal magnitude
are the two critical vectors and their opposites. Perhaps the simplest lattice to consider
is the square lattice spanned by the vectors k1 =(1,0) and ko =(0,1). In this case, the
elements of the lattice that have minimal magnitude are the two spanning vectors as
well as their opposites.

When #5 =2, only one vector and its additive inverse can achieve minimal mag-

nitude, as is the case with the critical vector k°= (@
the vectors k; =(1,0) and ko = (@, 1). Notice that this critical vector is the difference
of the two spanning vectors; that is k¢ =ky — k1.

—1,3) of the lattice spanned by

When #S5 =6, we seek three vectors and their opposites with minimal magnitude.

The lattice spanned by the vectors k; =(1,0) and ko= (7%’7§) has critical vectors
ki, ko, and k1 + ko = (%, —@) as well as their additive inverses. Figure 3.1 shows graphs

of these three lattices.
Define the spaces E7 and E3 by

B} =span{e™! (MR | (nf ng) € S},

(3.5)
E3 =span{u | (u,e;)=0 for all e; € B},
where the closure is taken in H-norm.
We define the critical value of the control parameter by
No = ki =ks|* = |k5|*. (3.6)

This critical value plays a central role in the stability of the basic solution u=0. Specif-
ically, as A crosses the threshold \g, a finite number of the eigenvalues given by (3.1)
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ko=k,* e [ ks
A

ket et ke K

(@) (b) ()
Fia. 3.1. Ezxamples of various lattice structures in which the critical eigenvalue has multiplicity;

(a) four, (b) two, and (c) siz.

become positive, and the basic solution becomes linearly unstable. This principle of
exchange of stabilities (PES) is given mathematically as follows:

<0 if A<,

(N =0 if A=)y, fornes,

Bn(X) i 0 rn (3.7)
>0 if A> A,

Brins (Mo) <0 for (n1,n9) €Z x7Z\ ({(0,0)}U.S).

Thus, with critical value \g, the eigenvalue —|k$|?(|k§|2 — \), has either multiplicity two,
four, or six with basis vectors in the multiplicity six case for the eigenspace

—i(kSz) i(kS-x)

i(k{-x
{elze(l )76226 ,€3=¢€ 3

3.8
64:efi(kg-m),e5zei(kg-l’)’eﬁze*i(kgm)}’ ( )

with the number of vectors equal to the cardinality of S. We now verify the existence
of a dynamical phase transition of (2.12) as A becomes larger than \;. Based on [11,
Theorem 2.1.3], which is restated in Theorem A.1 in the appendix, we have the following
dynamical transition theorem:

THEOREM 3.1 (Existence of Transition).  The system (2.12) undergoes a dynami-
cal transition from the basic state u=0 as the control parameter X\ crosses the critical
threshold A\g. The transition is one of the three types: continuous, catastrophic, or
random.

REMARK 3.1.  The type of transition in this theorem is dictated by the nonlinear
interaction of stable and unstable modes, and is dependent on the geometry of the
lattice and the system parameters A, 72, and 3. The theory and technical tools of the
analysis is dynamical transition theory and center manifold techniques. This will be the
main focus of the remaining part of the paper.

4. Main dynamic transition theorems

4.1. Dynamical transition theorems. As we stated in Theorem 3.1, the
system (2.12) always undergoes a dynamical transition from the basic state u=0 as the
control parameter A\ crosses the critical threshold Ag. We are now ready to determine
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the type of transitions, dictated by the nonlinear interaction of stable and unstable
modes.
First we consider the case where S has cardinality four. Let

E} =span{e;(\),e2()),e3(N),es(N)}, (4.1)
denote the unstable and stable eigenspaces, respectively. Here
{er=e!*i2) gy =7 iki®) g —pilhza) o) —milkz))
We have the following main dynamic transition theorem.

THEOREM 4.1 (Transition Types of Multiplicity Four Case). Consider system (2.12).
Let the multiplicity of $1(X\o) be four. Let

A= %max [(3IIJ§I2 * |l~cf—kz§|22— |k |2 + |k§+k§|22— |k:§|2> ; |k;|2] : (4.2)
Then the following assertions hold true:
(1) 1If
V3> Av3, (4.3)

then as A\ crosses Ao, the system (2.11) undergoes a continuous (Type I) dynamic
transition to a local attractor ¥y, homological to S3.

(2) If
V3 < A3, (4.4)

then as \ crosses Ao, the system undergoes a catastrophic (Type II) dynamic tran-
sition.

A few remarks are now in order.

(1) If the system undergoes a Type II transition, then the following are true:

a. Let A<\ and X be near )\, then the system undergoes a sub-critical bifur-
cation.

b. There exists A\* < Ao at which a saddle node bifurcation occurs.
These statements are true regarding all Type II transitions in future theorems.
(2) In the case where the pairs of (n1,n2) that minimize |n1k; +mnoko|? are (n§,n$)
and (—n§,—n$), we can derive a similar theorem, Theorem 6.1, on the dynamic transi-
tion of the system. In this case, the parameter A given in (4.2) takes a much simpler

form as

2

A=—°
SIAE

(4.5)
(3) The multiplicity six case is more delicate, and is studied in Section 7 for the
non-resonant case, and in Section 8 for the resonant case. For the multiplicity six case,
the critical wave modes k$, k5. and k§ are given by (3.4); see also (7.1).
The non-resonant case is defined as the case where k§ =ak{ + bk$ such that a,b#0
and (a,b) € Z?\ {(1,1),(—1,1),(=1,—1),(1,—1)}. Therefore in the resonant case k§ is a
linear combination of kf and k§ with +1-coefficients, such as

kS = kS + kS,
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For the non-resonant case, the parameter A becomes much more complex, and is
given explicitly by (7.8) and (7.9). The dynamic transition theorem in this case is then
stated in Theorem 7.1.

Notice that in all above cases, the lowest nonlinear terms in the center-manifold
reduced equations are cubic, leading either continuous or catastrophic dynamic tran-
sitions. In the resonance case, the reduced system contains quadratic terms; see (8.3)
for the general resonant case, and (8.10) for the case with evenness condition in spatial
variable z. The analysis of (8.10) is a bit involved and will be studied elsewhere. With
the evenness assumption, the dynamic transition is fully characterized in Theorem 8.1.

(4) For the Cahn-Hilliard equation with long-range interaction, more complex pat-
terns can emerge as the critical wave vector k°=n{k; +nsks is related to the long-range
interaction term in the manner given by (9.5):

k)% ~ /o

Consequently, the larger the o, the larger |k.|, leading to the formation of more complex
patterns.

In addition, in this case the parameter A dictating the transition is given by

L Sk
9(4[k§|* — o)
4.2. Pattern formation and structure of transition states. In the the-

orems discussed above, when the transition is continuous, the set of transition states,
¥, is homological to an m —1 dimensional sphere S™~!, where m is the dimension of
unstable space. Another objective of the paper is to characterize the detailed structure
of ¥, and patterns emerged in the transition states.

The structure X ~S3 given in Theorem 4.1 is studied in Section 5.3 with examples
given in Section 5.4. In particular, we show that 3 contains two circles of steady states
and one tori of steady states.

Other cases are analyzed in detail in Sections 7.2, 7.3, 8.3 and 8.4.
5. Proof of Theorem 4.1
The main idea of the proof is (1) to reduce the original PDE system to the cen-

ter /unstable manifold generated by the unstable modes, as A crosses the critical value
Ao, and (2) to analyze the reduced system on the center manifold.

5.1. Center manifold reduction. Let P; denote the canonical projection of H
into E; for i=1,2. Then u(xz,t) belongs to the direct sum of these two spaces and can
be written as

w(x,t) =y1e1+y2e2+yzes +yses+2, (5.1)
where z € E3 is the stable component. Equation (2.12) can thus be written in the form
(yi-e+z)=Lr(y-e+2)+G(y-e+2), (5.2)

where y=(y1,¥y2,ys3,y4) and e=(ej,eq,e3,e4). Let e; Ee be any of the four unstable
eigenfunctions. Consider the projection of the Cahn-Hilliard equation that results from
taking the inner product of both sides of (5.2) with e;. Using the mutual orthogonality
of the eigenfunctions, we have

/y’ieie}da@:/L,\(yiei)éidx-i-/G(y~e—|—z)éid:1c. (53)
U U U
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Here integration is to be taken over the parallelogram U. Applying the linear operator
to e; and simplifying, we are left with

yz/ eiéidx:yiﬁnfng(/\)/ €iéidl‘+/ G(y~e—|—z)€idx,
U U U
which implies that
1
yz_yiﬁ"fng()\)+|e'2/ G(y-e+P(y))e;dx, (5.4)
il“Ju

where the norm of the eigenfunction is the area of the parallelogram |l x I3|. Here we
have written z=®(y) which is the center manifold function that maps the unstable
eigenspace to the stable. Because the linear operator L is diagonal near A= \y, we can
use the following formula for the center manifold; see Theorem B.1 in the appendix,
which is [11, Theorem A.1.1]) recalled here:

—L\®(y)=P,G(y-e)+h.o.t., (5.5)

where P, denotes projection onto the stable eigenspace E3. Fourier decomposing the
center manifold as ®(y) =Y - - vk (y)ex allows us to write the left-hand side of (5.5) as

—Lx®(y Z@kLAGk > erBr(Nex. (5.6)
k=5

Let e, € E3 be any stable eigenfunction. Then taking the inner product of (5.5) with
ey yields

—ﬁk|ek|2g0k=/ G(y-e)exdx+h.o.t., (5.7)
U
which implies that
or(y)=— 5 / G(y-e)éxdx+h.o.t., (5.8)
ﬁklekl

where ¢y, represents the Fourier coefficient of ®(y) with basis function ej. We shall use
the following eight stable eigenfunctions for our approximation of the center manifold:

+2ik$-x +2ikS-x

e56==¢ e, erg=e 27,

€9.10= eiz(klw-‘rkzm)’ €11 = ez(—klm-ﬁ—kzﬁv)’ (59)
] C. — c.

€12 zez(kl z—k$ r)

Associated with each of these eigenfunctions is a coefficient in y that is found by means
of Equation (5.8). Let e € {e;}i=}? be any one of these stable eigenfunctions. Per
Equation (5.8), we have

orly) = / A(a(y-e)® +a(y-))eida. (5.10)

Brlex|* Ju

Using integration by parts and the fact that Aéy = |k|?€, we can write

orl) == [l +2ulae) e .11
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The orthogonality of the eigenfunctions ensures that [ e;é;dz=le;|*d;;. When the non-
linear term of (5.11) is expanded, we see that the integral of every term vanishes save
for those of y2(y-e)?+73(y-e)® that have eigenfunction e;. More specifically, take

es =e>*1%  Dropping the cubic term, we have

|kaneans |?

ws5(y)=— /’Yz(y1€1 +yoe2 +yses +yseq)ezdr, (5.12)
U

Bangang|es|?

where the subscript on kgnizng denotes the integers in the linear combination of the
eigenfunction es = !k #+0k3:2)  Gince é5=e 21 we are searching for terms of the
square that contain the eigenfunction e?*1#, Upon expanding, we observe that the only
such term is yoy%e?, since e? =e5. Therefore the integral of all other terms is zero and

we are left with

|kaneans |?

@5(y):—7ﬂ2n02nc|65|2/sz%e%e_sdx
2
_ v2lkang 2n2 / o

B2n‘:2n2|65|2 h

Yalkaneoang |2

#Zﬂa (5.13)

n§2ng

where again kopeons = 2k{ +2k5 and Baneang :—|k2n§2ng|2(|k2n§2ng|2—)\) is the eigen-

value of e5. We can obtain the other Fourier coefficients of the center manifold by
proceeding in a similar manner for the rest of the stable eigenfunctions. Listed here,
the coefficients are

W2|k(2n§2ng)|2 2

$5,6,7,8 = — Y1,2,3,45
6(2'@?27@)
2
o ~ 2%lknsngngno)| .
B(nf—kng,ng—&-nj)
272lk(_ne _ne. —ne—ney|?
pro=— i ong g (5.14)
B(—ng—ng,—ng—ng)
2
o :_272|/€(—n;+n§,—ng+ng)| —

B(=nstng,—ng+ng)
2

o 2’Y2|k(n§—ng,n§—nz)|
PY12=— Y1Ya.

Bns—ng.ng—ng)

Writing the center manifold as ®(y) :Eiis vr(y)er and returning to Equation (5.4),
we can view the nonlinear term as

4 4
’ygplA(Zyjej+‘I’)2+’Y3P1A(Zyj€j+¢))3. (515)
j=1 j=1

Letting ej, € F} and dropping higher-order terms, we have

4
/ g yje;) ekdx—l—272/A E yJeJ ekdx—&—*yg/A(E yie;) exdr.  (5.16)
U ,
j=1 Jj=1
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Using integration by parts and the fact that Aéy = |k|?€x, we're left with

4 4
k|2 ’}/2/ Zyje] ekdx+272/(Zyjej)q)e’kdaz—&—fyg/(Zyjej)g’efkdx). (5.17)
Uj=1 U j=1 Uj=1

Consider the differential equation for y; in the system (5.4). We have, along with (5.17),
that

|k‘c|2
Y1 =Y1Bngng(\) + 15 (12 Zygeg )“érdx

lea]

+272/(Zyjej)q>e’1dx+’73/(Zyjej)?’e’ldx). (5.18)
vio viS

4 . . . pc.
We search for cross-terms among (3-,_, y; e;)? that contain the eigenfunction e; = e*1®

However, observation shows that there are no such terms. This holds true, in fact, for
each of the four differential equations in (5.4). Now looking at the term (Z?Zl yje;)®
and using our expansion of the center manifold, we see that the terms

Y2€2¥5€5, Y3€3pP12€12, Y4€4P9€9,

all contain the eigenfunction e; once simplified. Thus, the only non-zero terms that
result from the second integral in (5.18) are

272le1? (Y25 + Y312 + Yao).-

Finally, consider the term (Z:;%:lyjej)3 . We again seek cross-terms of this cube that

contain the eigenfunction e; so that the integral may be non-trivial. The terms we find
are

3yielyses, byierysesyaes.
Thus the final integral in (5.18) becomes

vslex | (yiyz + y1ysya).-

Combining these results in the original differential Equation (5.4) yields the following
reduced equation

41 =01 Bneng (A) + K51 (272 (Y2405 + ysp12 + Yaspo) + 73 (37 Y2 + 6y13y4) ). (5.19)

Using the coefficients found in (5.14) and the expressions of the eigenvalues in (3.1), we
can write yos +yapi2 +Yapy as

o~ yiye _ 2Y1Y3Y4 _ 2Y1Y3Ya )
|k(2n§,2n§)|27)‘ |k(n§—n§,ng—n§)‘27)‘ |k(n§+n§,n§+n2)|27>\
yiye 2y1y39a 210508

R N TR S T
Using this, we can write (5.19) more conveniently as

— [k (%5 * = My

2y13/3y4 2y1y3y4 y2y2
211.¢|2 1 c|2 2
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Following this procedure for the other three differential equations in (5.4) yields a system
of reduced equations which will be used to determine the transition type and stability
of solutions of the Cahn-Hilliard equation.

By omitting the higher order terms o(3)=o(|y®|) +O(|y®|81(\)|), the reduced sys-
tem of (2.11) on the center manifold is given by the following:

—2y1394 2y1Y3Y4 yiye
=B (N1 — 293 |k —
Y1t 61( )y 72| | (|]€f—k‘5|2—/\ |kf+k§|2—A+—4|k‘f|2+)\)

— 3] k§ 12 (3y3y2 + 6y1y3ya),

—2yy3Y4 2y2Y3Ya Y1y3
_ 217.¢12 2
y2t—51( )y _2’7/2“€ | (|kf—]€§|2—>\_|]€f+k§|2—)\ _4|kf|2+>\)

— 3| kS 1* (By1y3 + 6y2y3y4),

—2y112Y3 2y12Y3 Y3Y4
— )\ —9 2 kc 2 _
Y3t ﬁl( )y ’72' | (|kffk‘§|2*)\ |/€f+k§|2*)\+*4|kﬂ2+)\)

— 3|51 (3y3ya + 6y112y3),

|kf—kS[2 =X kT +ES[2—X " —4[kf[2+ A
—y3|k$ % (3ysy3 +6y1y2y4).

c —2Y1Y2Ya 2y1Y2y4 Y3y3
yae = Br(N)ya — 273 k§|*( )

Letting A= \o=|k1|?, y2 =71, and y4 =73 gives

— 22 ke[ 2y1 |ys|? 2y |ys)? +y1|y1|2)
- 2 c c c c c c c
|k — kS| — kS| kS +ES|12— kT2 3[k{[2
—slkS 1P Byalyr I + 631 ]ys]?), (5.20)
_ 271 |ys|? 2y1|ys|? 7ilyil?
:272‘]{C|2( c c c + c c c + c )
? |k —k§[2 — kS| [k + RS2 —[kT[2  3|k{[?
—3lk51* (37tlya |* +671lys ). (5.21)
: 2ysly1 |2 2ys|y1 2 y3lys|?
2|71.c12
y3t:2’Y ‘k‘ | ( c c c + c c c + c )
PN ks — kg2 — k12 RSS2 —[KS12 T 3Jk§[
—v3lk7I* (Byalys|* +6yslv1[?), (5.22)
T = 202 kS 273 |y1 |2 213ly1)? %|y3|2)
2 c c c c c c
Ikl_k2|2_|k1‘2 |k1‘|'k2|2_|kl|2 3|k1|2
—3lk§ 1 (331ys| > + 6351 [*). (5.23)

Now break up the variables into real and imaginary components, so that y; = a1 +aqi
and y3 =a3+a4i. By combining real and imaginary parts, this gives the leading order
approximation of reduced system at the critical threshold Ag:

a1t=al(f(a1 +a2)+n(a§+ai)),
age = az(€(af +a3) +n(a3 +a3)),
(5.24)
ast =as(n(ai +a3)+&(a3+a3)),
ag=aq(n(al +a3)+&(a3+a3)),
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where

5:2’75*9|k(1:|2’)’3
3 b
2v2 272
:211302 2 + 2 _3 )
=2 e e R e

(5.25)

It can be seen that for i,j,k,1€{1,2,3,4} where i#£j#k+#1, the 48 straight line orbits
come from the 24 straight lines given by

a;=a;=a,=0, (5.26)
al=a3=a3=adj}, (5.27)
ai=a; =0 and ai =aj. (5.28)

Finally, the reduced system

2

are = Bay +ay(£(a? +ad) +n(a3+a3))+o(3),
aze =faz +ax(€(ai +a3) +n(a3 +al)) +o(3), (5.29)
agy = Paz + az(n(ai+a3) +&(a3 +ai)) +o(3),
asr=Pas+as(n(ai +a3) +&(a3+ai)) +o(3),

where 8=/10(\) and o(3) =0(|a|?)+O(|a|?*|B]). By combining equations as well as

letting a? +a3=r? and a3 +a?=r3 gives the following system

rie=fri+ri (€ +r3) +o(3), (5.30)
ror = B +r2(nrf+£r§)—|—o(3). '

5.2. Analysis of the reduced system. The transition type at the critical point
Ao = |k1|? is given by the system

rie=r1(&rf +nr3),

(5.31)
ror =ra(nri +£r3),

where £ and 7 are defined in (5.25). It can be calculated that

1 2 2 ] )

2
£+77>0<:>73<9{

c + c c c + c c V2
BIkGI2  [kf — k5|2 — (k{2 [k +ES[2—[ka[2] 2
2
>0 = 13 < ———=~2,
5 V3 glkﬂg’)@
>0 <= <4|ki|2[ ! + L }2
n 73 c c c c c c Va2
3 [Ikf—ks2—[k{[> * |k§+s>— k(2]

Note that there are no elliptic orbits as the system (2.12) is a gradient system (see
Lemma A.2.7 in [11]). Observe that on the straight line r; =73, the system satisfies
Z%:% where £+n#0 and r1,79>0. It can be seen that r1 =0 and ro=0 as well
as ry =ry are the straight lines corresponding to the three straight line orbits of this

system.
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Note that on the straight line 1 =r3, the system reduces to

T1t :r?(€+n)7

5.32
ror =r3(n+). (5.52)

Thus, when £+n >0, the solutions tend away from the origin, and when £+n <0, the
solutions tend towards the origin. In other words, when

. 2 N 2 )
K = kg2 =K g kg2 =2 ™

22
TS 3k

the solutions tend away from the origin, and when

J2[ 2 N 2 )
V379 Bk Tk — kg — k2 RS+ RSP —[kal?) 2

the solutions tend towards the origin.
Note that on the straight line r1 =0, the system reduces to

r1: =0,
R (5.33)
ror =£&r5.

Thus, when £ > 0, the solutions tend away from the origin and when ¢ <0, the solutions
tend towards the origin. In other words, when 3 < 5 kr\Q’yQ, the solutions tend away

from the origin, and when 3 > 5l ch'yQ, the solutions tend towards the origin.

Note that on the straight line ro =0, the system reduces to

Tt = gr:l))v

5.34
'erZO. ( )

Thus, when £ >0, the solutions tend away from the origin and when ¢ <0, the solutions
tend towards the origin. In other words, when 3 < 5l kc‘l,'yQ, the solutions tend away

from the origin, and when 3 > ﬁﬁ, the solutions tend towards the origin.
1
By putting this together, when £ +7 <0 and & <0, or equivalently

L2 { 1 2 . 2 1 } ,
Y3 > —max P P P - c ) e Y25
9 BIk§2 T ks — kg2 —[kSI2 kS +ASI2— ka2 RS2 S

solutions along all three of the straight lines mentioned above approach the origin, so
the transition is Type I.

When £+7n>0 and £ >0, or equivalently

<2~{1+ 2 N 2 1}2
— min ) )
TS BIRSE  Th —ksP— RS2 RS R — ka2 RS2 S 2

solutions along all three of the straight lines mentioned above tend away from the origin,
so the transition is Type II.

If

2<<2{1+ 2 N 2 }2
ks 2 SS9 BlRSE T RS — kP — RSP RS+ RSP — ka2 S %
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a) b)

F1G. 5.1. Straight line orbits for: (a) £4+n<0 and £<0; (b) E+n>0 and £>0; (¢) £E4+n>0 and
£<0; (d) £+n<0 and £>0.

then £ <0 and £+n>0. This means that solutions along the line r; =ry tend away
from the origin, but solutions along the lines 7; =0 and r, =0 tend towards the origin,
so the transition is Type II.

If

2 5 2 2/ 1 2 . 2 )
O 8 \ SR TR =R =R PP ) ™
then £ >0 and £+41n<0. This means that solutions along the line r1 =75 tend towards

the origin, but solutions along the lines r1 =0 and r =0 tend away from the origin, so
the transition is Type II.

Figure 5.1 shows graphs of the straight line orbits in rq,7ry space. Notice that only
Figure 5.1(a) features solutions that approach the origin, leading to Type I transition.
Theorem 4.1 is then proved.

5.3. Structure of the set of transition states. To study the detailed structure
of the local attractor 3 in Theorem 4.1, representing all transition states for A > \g,
we examine the nontrivial fixed points of the reduced system by solving

Bri=—ri(&rf +nr3),

5.35
Bry=—ra(nri +£r3). (539

The solutions are

P1=(7“1,T2)=
(r1,72)

(5.36)

P2 =(Tr1,T2

7'1,7"2

| =B
(07 ?)7
(0.
/515 ,5_,_ if €2 42,
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Note that the general solution u in ¥ is given by
u=yie1 +yz2e2 +ysez+ysea+ Py, A), (5.37)

with ® =o0(|y|). Therefore, the eigenfunctions Zi:l yrey dictate the typical patterns of
solutions, represented by X, for A beyond the critical threshold A\g. The Jacobian of
the system at a fixed point (r1,72) is given by

_ (B+3eritnrs  2nrir
J= < aprirs Bmr+36r2) (5.38)
Consider the solution (r1,r2)=(0, _Tﬁ) It can be seen that the Jacobian calcu-

lated at this solution is dz’ag(5+n|§|,ﬁ+3§|§\). Thus, if >0, then —|¢| <7 implies
that this solution is a saddle and —|£| >n implies this solution is stable.

Consider the solution (r1,r2)=(y/=2,0). It can be seen that the Jacobian calcu-

lated at this solution is diag(5+3g|§|, B+n|§\)- Thus, if 4>0, then —|¢| <7 implies
that this solution is a saddle and —|¢| >n implies this solution is stable.

Consider the solution (rq,72)=(4/ Slﬁn A & +77 ) with the condition that £2 #n?. The
Jacobian calculated at this solution is

6+(3§+77)|§+77‘ 277|£+77| 5.39
( M| B+BHn)ES]) (539

It can be calculated that the eigenvalues of this matrix are S — (n—3§)\%| and B+

35(%’5 * \%D If >0, then 5> ¢ implies this solution is stable and 1 < & implies this
solution is a saddle. In conclusion, we have the following theorem:

THEOREM 5.1 (Structure of Xy). In the collapsed phase space (r1,r2), the bifurcated
attractor from case one in Theorem 4.1, ¥y~ S3, collapses to an arc in the first quad-
rant, X%, which contains three fized points: p1, p2, ps, given in (5.36). For j€{1,2,3},

pj generates the circles (p1 and pa) or torus (p3) of steady states (r%j)ew (j)eie), which
are all contained in ).

5.4. Example: square lattice. Let ll_(ig,O) and l3=(0,2%). The scaling
factor 50 is chosen so that the patterns are easier to be visualized. Then, the dual
lattice is spanned by the vectors k1 = (50,0) and k2 = (0,50). The critical vectors in this
case are k§=Fky; and k§=ko. Thus |kc\2 k5|2 =50 and |kc—&—kc|2 |k§ — kS|? =5000.
We also have that 8=50\—2500, {= 772—15073, and 17 9972 300v3. From the
theorem in Section 6, when 73 > max{ 75275 125173 = 12573, all stralght hne orblts tend
towards the origin and the transition is Type I. When 2232775 V5 <y3 < 450 72, solutions
along the straight line ry =r; tend away from zero, but solutions along ry=0and r =0
tend towards the origin and the transition is Type II. When ~3 < 22275 2, all straight

line orbits tend away from the origin and the transition is Type II.
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The three stationary solutions are
[ 7500 — 150\
= = 0 —_— 5
p1=(r1,r2) ( "\ 242 _45073>
/7500 — 150\
= = — 0], 5.40
p2=(r1,72) ( 272 — 45073 ) ( )
—(r1,r2) = 247500 —4950\ 247500 — 4950
Ps =L T2) = AN 7492 — 445505 7\ 7472 — 4455075 |
The trivial solution is unstable when the control parameter exceeds the critical

threshold, i.e. when A >50. Now let A>50. For the first and second solutions, %722 <

v3 < %75 implies the solutions are stable, and else are saddles. For the third solution,

g—g’yg <73 < %27% implies the solution is stable, and else is a saddle.

Solution p;. Recalling that a?+a3=7?, a3+a2=r3, and further that y; =a; +
asi, Y3 =as +aqi, we see that our stationary solutions to the reduced system are radial.
From (5.1), we can write the solutions as u(x,t) =y1e1 + 9161 +yses +ys€s where the
stable component is of little significance anymore and can be dropped. In this case,
r1 =0 so the solution becomes u=yses+ys€3. Expanding and noting that k§=(0,50)
and ez =e™*2% we have

w(x,t) =(az+iaq)(cos(ks - x)
+isin(kS-x)) 4 (a3 —iaq)(cos(kS - ) —isin(k§ - x))
=2(agzcos(50x2) — agsin(50z2)), (5.41)

where o= (x1,72). As (a3,a4) run along the circle a2+a?=r3, a set of stationary

solutions is generated in (z,t)-space. The principle exchange of stability guarantees
that patterns in the form of solutions to (2.6) emerge as A crosses the critical threshold
Ao =50.

Figure 5.2 shows a graph of the stationary solution p;, when A=50.1, v =1, and

v3 = 4. In this case, (r1,r2)=(0,1) and 3 < 2842 so that the solution is a saddle and

we have chosen the point (ag,a4) = (?, g) on the circle of solutions. The characteristic
patterns for this stationary solution are horizontal rolls. Graphically, we see that the
size of the domain is responsible for the amount of rolls within the square, and the

patterns shift vertically as the parameters (a1,a2) run along the unit circle.

Solution ps. In this case, the solution can be written as

u(z,t)=(a1 +iaz)(cos(kf - x) +isin(kf - )+ (a1 —iaz)(cos(k{ -x) —isin(k] - z))
=2(ay cos(50x1) — azsin(50z1)), (5.42)
which also produces rolls, however this time horizontal. Figure 5.3 shows a graph of
this solution for the same choice of constants and parameters used in Figure 5.3.

Solution p3. Finally, the solution for p3 can be written as the sum of the previous
solutions

u(z,t) =2(ay cos(z1) —azsin(x1) 4+ agcos(xe) — assin(zsz)), (5.43)

where both (a1,a2) and (as,a4) run along different circles centered at the origin with
radii r; =7rs.
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FIG. 5.2. Horizontal rolls exhibited by the stationary solution u(x,t)=+/2cos(50z2) —v/2sin(50x2).

FIG. 5.3. Vertical rolls exhibited by the stationary solution u(x,t)=+/2cos(50x1)—+/2sin(50x1).

Figure 5.4 shows the graph of this solution for A=50.1, y2 =1, 73 = 25 In this
26,2

case, (r1,m2) = (1,1), and 43> 5274 so that the solution is stable. Here, we have chosen

(a1,a2) = (@,g} and (as,aq4)= (%,g) as the two points on the unit circle. Notice

here that the characteristic patterns are circles and that they are arranged in a square-
like fashion throughout the lattice. We will encounter another pattern that exhibits
circles packed in a different manner, namely hexagonally-packed circles.

6. Multiplicity two case

6.1. Dynamical transition theorem. Consider the same situation as above
but assume that the pairs of (nj,ng) that minimize |niki+noko|? are (n§,n§) and
(—n§,—n§). Equivalently, the cardinality of S is two. In this case, B n,(Ao) <0 if
(n1,n2) €ZxZ\{(0,0),(n§,ns),(—nj,—ns)}. Thus, with critical value Ag, the eigen-
value —|nfky +nSka|?(|nSks +nSka|?> — X) = —|kc|?(|kc|? — ), has multiplicity two. We
have

E} =span{e; =e'ke®) gy —e7ike®)} - pA—span{es()),...}. (6.1)
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Fic. 5.4. Square-packed circles exhibited by stationary solution wu(x,t)=+/2[cos(50z1)—
sin(50z1) 4 cos(50z2) — sin(50z2)].

THEOREM 6.1 (Transition Types for Multiplicity Two).  Assume the multiplicity of
B is two at \=X\g=|ke|?. The following are true:

> 2 2
3 9|k_c|2727

as \ crosses N\g, the system undergoes a continuous dynamical transition (Type I)
to Xy~ S consisting of a circle of steady-states.

(2) If
<2 2
3 9|k_c|2’Y2a

as X\ crosses g, the system undergoes a catastrophic dynamical transition (Type II).

An example of this is when the lattice is spanned by the vectors I = (35, —\2[—3;) and

l2=(0,2F), which was discussed in Section 5.2. The solution can thus be written as

u(ac,t):ylel +y2e2 + 2, Z€E2>\. (6.2)
We can show that the center manifold function up to higher order terms is
2 2
—R2YLT 2ikea 2Y2 —2ike-x
— c _ e, 63
(@) Ak 2¢ Ak 2 —2¢ (6:3)

Then it can be calculated that the reduced equations for this system are

2lke*v3yiye

4|k’ |27)\ _3|kc|gy%y273+0(3)7
c

Y1t = _|kc|2(|kc|2 _)\)yl +

2|ke[*v3y1y3 o4
Yor = *|kc|2(|kc|2 7)\)y2 -+ WQ_)\Q *3|kc|2y1y%73+0(3)
Let
Y1 =a1 +ast, Y2 =a1 — aat,
(6.5)

2
n= 5722 —3|ke|*v3,
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then the system given by (6.4) can be rewritten as

a1t ="na1 (a%—i_a%)’ (6 6)
age =nay(ai +a3). '

By analyzing this system, it can be seen that all solutions tend towards the origin when
17 <0 and tend away from the origin when 7 >0. Thus, the transition is Type I when
17 <0 and Type II when 1 > 0.

By using the approximative system

at = Bai +nai(ai +a3), (6.7)

agy = Baz +nag(ai+a3),
and letting a? +a2 =72, this system can be rewritten as

re=Br+nre. (6.9)

The nontrivial equilibrium of this system is r=,/ _Tﬁ The Jacobian of this system at a
fixed point 7 is

J=(B+3nr?). (6.10)

When r=,/ _TB’ the eigenvalue of the Jacobian is ﬂ+37]|%|. If >0, then <0 must

be true, which implies that this solution will be stable. Stationary solutions in this case
are given by

u(z,t) =y1e1+y1€1
= (a1 +1iaz)(cos(k. x)+isin(k.-x))+ (a1 —iaz)(cos(k.-x) —isin(k. - x))
=2(ay cos(k.-x) —agsin(k.-x)), (6.11)
where (aj1,as) run along the circle a? +a%=72. Note that solutions depend solely on
the two critical vectors of the lattice in which the magnitudes are least, and that the
spanning vectors play no direct role besides specifying the domain.

6.2. Example: roll patterns on parallelogram. Let 11:(%,7%) and
l=(0,2F). Then the dual lattice is spanned by the vectors where k;=(50,0) and
ko =(25v/3,25). It can be shown that |k;|? = |ko|?=2500, |ki+ k2| =3125+12501/3,
and |k1 — k2|2 =5000 —2500+/3. The critical points of the lattice are ky — ki and ky — ko
and so we will use the analysis outlined in the section dealing with multiplicity two.
In this case, it can be shown that 8= —(5000—2500+/3)(5000 —2500y/3—\) and n=
%722 —3(5000 —2500v/3)y3. Using the theorem we proved in the previous subsection,

when 73 > m7§ , all straight line orbits tend towards the origin and the

transition is Type I. When 73 < 73 all straight line orbits tend away from

2
9(5000—2500+/3)
the origin and the transition is Type II.
(2—v3)(2=v3-))
293-3(2—V3)3
is always stable for A > Ag. The solution can be written as

The nontrivial stationary solution is r = . The non-trivial solution

u(z,t) =2(ay cos(k. - x) —agsin(k. - x)), (6.12)
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where k. =ky — k1 = (@ —1,1) and (a;,a2) run along the circle a+a} =12 Figure 6.1

shows a graph of the solution for A=2, vy, =1, and ~3=— 178:69‘\/%, in which case r=1.

The parameters (aj,as) are evaluated at the point (@,%) Notice the characteristic

patterns are horizontal rolls similar to the square case.

150

50

0 = L L L L ]
0 20 40 60 80 100

Fic. 6.1. Stationary solution r=1.

7. Multiplicity six case

7.1. Dynamic transition theorem. Consider the same situation as above but
assume that #5=6. Then

S={(ni,n3),(=ni,—n3),(n3,n5),(=n3,—ng), (n5,n5), (=n3,—ng)}. (7.1)

Thus, we have \g=|k§|?, and By, n,(Ao) <O for all (n1,ns)€Z?\ (SU{(0,0)}). Thus,
with critical value \g, the eigenvalue

Brgng (N) = —[nSky +n5ka(Infhi +nsks|* = X) = [k [* ([ke|* =), (7.2)
has multiplicity six with

o1 = eilkia) 0y — e~ ilkE D). 05 = ¢ilk50)
1 -1.C (kS
eq=e Hk22) e5=c'(F32) eg=e Hks2) (7.3)

E} =span{ey,...,e¢}, F2=span{er,eg,...}.

The solution can thus be written as

6
u(m,t):Zyiei—i—zeE{\@Eé\, (7.4)
i=1
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where z € E3 is the stable component. By similar computation, the center manifold
function up to higher order terms is given by ¢(x)= Z?; ¢;e;. Using the notation that

er

€10

€13

€16

€19

€22

:eZiki'z’ es :6721'1@;-:57
:6721-16(2:-1, e11 :62ik§~az’
:ei(kf-‘rkg)ﬂc’ e14 = e—i(kf-{—k;)-x
_ efi(k‘f+k§)~:r’ e17 = ei(k§+k§)»w’
—eiki—k)a o emilki—kg)w
:e—i(kf—kg)ﬂc7 €93 = ei(kg—kg)w,

)

)

)

e9 :62ik2§-£t7

€12 :ef2ik§~m’

e1s :ei(kf+k§)~x’
e1s :efi(ngrkg)-w
a1 :ei(kffkg)m,
oy =e iks—k5) @

it can be calculated that the coefficients of the manifold are

Let

—Y2y?
¢7:74|k§|2—/\’
—723
¢9:74|k‘f|2—/\’
—23
¢11:W7
¢13=M7
B+ kg2 — A
b1 = —27291Y5 :
RN eSS
17— —272Y3Ys ’
S+ RS2 — A
1o = —292Y1Y4 7
|k§ — k512 — A
o = —2%Y1Y6 7
R k52—
boz = —272Y3Y6 :
= k52—

)

)

2
T 2Y3
¢8_4|k_ﬂ2_A7
2
T 72Yy
¢10_4|kf|2_)\’
2
T 2Ys
¢12_4|k§|2*)\7
bra= —27212Y4
BS k52— A
16— —2%212Ys6
55+ k52— A
b1s = —2v294Ys6
ks + kPN
oo = —27292Y3
kg2~
oo = —272Y2Y5
R kgl —
s = —292Y4Y5
T Tk — k5P -

(7.5)

(y1,y2) = (a1 +asi,a1 — asi), (y3,ya) = (as + aai,as — aai), (ys,ys) = (as + aei,as — agi).

kS £ k5J* — k5[

1 +

9
&==3|k{[>vs+ >3,

3

1

n=—6k{|>ys+ k5> (4D, +4D%)3,
X =—6k§ >y + |k |* (4D g3 +4D5)73,
= —6[K{|*v3 + |k§|*(4Dg3 + 4D35) 73

D=5
P kg £ kgJ2 — [RE

+

1

Df=—— —
2 ks k|2 — k2
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Then, the reduced system on the center manifold can be rewritten as

ay = Pay +ai (€(ai +a3) +n(a3 +a3) +x(a3 +ag)) +o(3),
agy = fBaz +as(€(ai +a3) +n(a3 +a?) +x(a2 +af)) +0(3),
as; = Baz+as(n(al +a3)+£(a3 +a3) +w(al +a3)) +o(3), (76)
ag = Pag +as(n(a?+a3) +&(a3 +ai) +w(az +ag)) +o(3),
asy = fBas +as(x(a] +a3) +w(a3+ai) +&(af +ag)) +o(3),
as = Pag +ag(x(ai +a3) +w(a3 +ai) +&(af +ag)) +o(3).
It can be calculated that
2
0 — —— 2
€> 73<9|kﬂ2727
£<0 <= 13> 2_ 2
V3 9|kﬂ2727
2 4 4
D D
2 4 4
-D D
£+w<0<:>73>(27|k0‘2+ 23+9 )7
2 4 4
—-D] D
§+X>O<:)73<(27|k“\2+ 3+9 )7
2 4 4
-D D
§+X<O<:)73>(27|k“\2+ 13+9 2)7e
2 4 4
-D D
£+77>0<:>73<(27|kp‘2+ 12+9 )
2 4 4
§+77<0<:>’Y3>(27|kc‘2+ D12+9D12D12)
4 4 4 4
—— _+—D D7 D D)2
§+77+X>0<:>’Y3<(45|kﬂ2+15 12+15 12 +15 13+15 1372
2 4 4 4 4
—— _+—D D7 D D)2
§+77+X<0<:>’Y3>(45|kﬂ2+15 12+15 12 +15 13+15 1372
2 4 4 4 4
—— _+—D D1 D D)2
n+£+w>0<:>73<(45|kﬂ2+15 12+15 12 +15 23+15 23)725
2 4 4 4 4
—— _+—D D1 D D)2
77+5+W<0<:>’Y3>(45|kﬂ2+15 12+15 12 +15 23+15 23)72
2 4 4 4 4
0 <~ —+4+—D D7 Dys+—D
XHwtE> N gE tpPet et plet i 3)72
2 4 4 4 4
0 <~ —+4+—=D D7 D.,. D
Xtw+E< V3>(45\k{‘|2+15 13"‘15 13 +15 23"‘15 33)75
By letting rf =a? +a3, 73 =a3+a3, and 73 =a2 +a2, the reduced system becomes
rie=r1(Erf +nrs +xr3),
rgtzrg(nrerfr%err%), (7.7)

T3 = T3(X’I“% —l—wr% +§r§).
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The straight lines corresponding to this system are

On these straight lines, the systems that emerge are respectively

lll

l:
lo:
l3:
ly:
l5:
lg:

l7:

r1=re=0;
™ :7‘320;
ro=1r3=0;

r1 =0 and ro=r3;
ro=0 and r; =rs;
r3=0 and ry =rg;

rL="ro=r3.

7“3t=f7"§§

ror =Er3;

rltzf'r?;
T2t:’r:23(€+w)7
T3t Tg(erw)’
rie=r}(E+X),
T3t:’rg(§+X)v
Tlt:r%(&"’n)a
ror =15(E+1);
rie=r{(§+n+x),
ror =13 (E+1+w),
r3r=73(E+Xx+w)

25

Thus, the only way for all solutions to go to zero along these straight lines is for all of
the coefficients to be negative. Let

S €+w €+x £+n €+77+x £+n+w §+x+w
A=max 9 ) ) ) 2 D) D) )
72 ’Yz ’72 ’72 V2 V2 72
or equivalently,
2 4 4 2 4
A= Dy Dy D
max {9ufc|2’(27|kc|2+ 2t 5 D8) (qqe + D1t 5 Pl),
2 4
Dy D
(27|]€C|2+ 12+ )
2 4 4 4 4
—— —+ Dy, DT Dy DT
(45|k:§|2+15 R T R T AT 13):
2 4 4 4 4
—— —+ Dy, ) D
(45|k;§|2+15 1215 i2 BECRC ART 2);
2 4 4 4 4
—— —+ Dy Dfy Dy D).
(45|k;§|2+15 TR R TR AT 23)}

From this, it can be seen that the transition is Type I when 73 > A2 and Type II when
3 < Ay3. This can be stated in the following theorem.
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THEOREM 7.1 (Transition Types for Multiplicity Six Case). Suppose k§, kS,
and kS are defined as previously and k§=ak§+bkS such that a,b#0 and (a,b)€
72\ {(1,1),(=1,1),(=1,-1),(1,—1)}. Then, the following assertions hold true:

(1) af
v3> Ava,

then as X\ crosses g, the system undergoes a continuous (Type I) transition to
Y» homological to S°,

(2) i
V3 < A7,
then as A crosses Ao, then the system undergoes a jump (Type II) transition.

7.2. Structure of the set of transition states. By using the approximative
system

r1e=fr1+r1 (€ +nr5 +xr3) +o(3),
ror = T2 +T2(UT%+5T§+WT§)+0(3)7 (7.10)
3t = Br3+r3(xri +wrs +£&ra) +o(3),

the nontrivial equilibria of this system can be calculated to be

pi () =(/ 2,00,
pi () =04/ 2.0
pai () =(0.04/ ),
pa:  (r1,7m2,m3)=(0, w;fg’ w;fg)’
po (rura) = o0 o)
poi () =( =[50

b7 (7"177‘2,7"3)

( Bl —w)(—n+E&—x+w)
n2€ = 2mxw+E(—E2 +x2 +w?)’
BE—=x)(=n+E{+x—w)
n2€ = 2nxw+E(=E2 +x2 +w?)’

BE—n)n+{—x—w)
n2E —2nxw+E(—E2 + X2+ w?)

).
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The Jacobian of the reduced system at a fixed point (ry,re,r3) is

B+ 357‘% + m“g + xr% 2nriTe 2xriTs
J= 2nriro 6+ nr% + 357’% + wr% 2wrors
2xriT3 2wrors 8+ er +w7’§ + 3§r§

The stability of each solution can be determined from calculating the eigenvalues of this
matrix at each equilibria, such as in the example in the next section.

THEOREM 7.2 (Structure of ¥)). Under a Type I transition, the bifurcated attractor
¥\ from Theorem 7.1 is homological to S°, with py, p2, and p3 corresponding to circles
of solutions; p4, ps, and pg corresponding to torii of solutions; and py corresponding to
an S* x St x S surface.

7.3. Example: roll patterns. Let I} =(27, 7‘/ﬁ”) and Iy = (0, 8*/ﬁ”). Then

15
the dual lattice is spanned by k1 =(1,0) and ko =(—1, L) Note that |ky —ka|? =222,
|k1 +kol? = 2411 The critical points of the lattice are thus ki, —k1, ko, —ko, 2k1 +2ko,

and —2ky — 2ko, so we will use the analysis outlined in the previous sections dealing with
multiplicity six with higher coefficient linear dependence. Let 72 =1 and 3 =2. Observe
that B=A—1,&= 713—6, n=-— 62234, X= 336605776, w=— 33184597576. Let \=)g=1and consider
the straight line orbits of the system. From Theorem 7.1, we see that maz(A)=&=—=

and thus the transition is Type I because 3 > (maxA)~y3. Now let A=1.1 so that we may
consider the pattern formation that results from the dynamic transition as A crossed the

critical threshold. The trivial solution (r1,72,73)=(0,0,0) obviously becomes unstable
as A>Xg=1. Next, consider the solution (rl,rg,m):(,/%ﬂ,0,0):( 25,0,0). The
Jacobian evaluated at this solution is

-02 0 0

J=| 0o —-173 o |, (7.11)
0 0 —0085

and so the solution is stable. Observe that because (5, £, n, and x are all negative,
the solutions (r1,72,73) = (0,1/=2,0) and (r1,7,73) = (070,,/%3) are also both stable
as their Jacobians are diagonal matrices with negative entries. The solution (r1,72,72) =

( %70,0) can be written as

u(z,t) =2(ay cos(k{-x) —agsin(ki - x)), (7.12)

where af+a3=7?. Graphs of this solution (and the previous two) are similar to those

of the multiplicity two case. Now consider the solution (r1,7r2,73)=(0,,/ wff o/ wff

(O 38577 38577
? 52070007 5207000

). The Jacobian evaluated at this solution is

0.094 0 0
J= 0 0.0987 —0.000896 |, (7.13)
0 —0.000896  0.987

with eigenvalues (22540809090, 2254040501(), 500) from which we see that the solution is unstable in

all directions. This solution can be written as

u(z,t) =2(azcos(ks - x) —aygsin(ks - x) +ascos(k§ - x) —agsin(k§ - x)), (7.14)
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where a3 +a3 =73 and a2 +a? =r3. Graphs of this solution are similar to those of the
multiplicity four case. Consider the solution p7. Substituting values for 3, &, w, i, and
x produce undefined values for r; and 3. Subsequently, this solution does not exist for
the values of the parameters chosen.

8. Multiplicity Six with kS= k¢ + kS

8.1. Center manifold reduction.  Consider the same situation as above but
assume that k§ =k{+kS. This scenario is important because different coeflicients would
have zero in the denominator in the previous computations. If k§==Ek{— kS, then the
lattice can be redefined with k§ = —k§ and the rest of these computations follow. In this
case,

S:{<n§7n5)7(_n§a_nS)a(ngﬁnZ)v(_ngv_nZ)’(ng7n€CS)’(_ngv_ng>}' (8'1)
Thus, Ao = k|2, Bnyn, (Ao) <0 for all (ny,n2) € Z%\ (SU{(0,0)}), and the eigenvalue
Brgng (\) = =[Sk +n5ks|*(Ink1 +n5ka|* = X) = =[ke|* (|ke|* = N),

has multiplicity six with

e e e
e :ez(k1 z)’ ex=ée i(k§ $)7 e3 :ez(k,2 ac),
eqg=e Hk22) e5 = F3o) eg=e F5x)

A _ A _
E} =span{ey,...,es}, E3 =span{er,es,...}.

The solution can thus be written as
6
u(x,t):Zyiei+z, 2€Ey. (8.2)
i=1

By similar computation, the center manifold function up to higher order terms is given
18
by ¢(x)=>_;_, ¢iei, where

er= eZik§~x7 ey = e—21’k§~x7 eg = eQik§'$7
€10 :e—Qik;a}’ €11 = eQikg‘z’ €19 = e—Qikg‘I’
elgzei(kf*ké)-r, 614:6%(%?%5)-@, 615:61'(21<Hk§>)-17
ew:e—i(%HkE)‘w? 617:€i(k§+2k§)~x7 e1g = e (ks +2k5)@
It can be calculated that the coefficients of the manifold are
b= 20 o= 1203
Ry MRy
2 2
T 2Y3 _ —Y2Y4
b9 AeP - $10 AP —n
b1y = —2y3 1o —7243
11 4|kﬂ2—)\7 12 4“{;%'2_)\’
15 = —27291Y4 bra= —279Y2y3
B ks —kgP X R
915 — 272145 b1 —27292Y6

T2k RSN T2k RS Z =N
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17 = —272y3Ys5 Srs— —2v2y4Y6
kS 2k - X B [k + 2k5 ]2 —
Let
Y1 =y =a1+agi, Y3=yj=az+asi, Ys="ys=as+ael,
and
2'72
=2k{ P (5r—e—ey — 3
g | 1‘ (|kf*k§|2*|kf|2 73)a
2
n==3[k{[*13+3%
272
—92 kC2 2 -3 ,
272
w=2|k¢|? 2 —373),
7 =2|k{[*72.

Up to the higher-order o(3) terms, the reduced system is given by

ary = Bar +a1 (n(af +a3) +&(a3 +af) + x(a3 + a3)) — Tazas — Tasas,

agy = Bag +az(n(af +a3) + (a3 +af) + x(a2 + a3)) — Tazag + Tasas,

az = Pas +a3(§(a¥ +a3) +n(af +a3) +w(af +a§)) — Taras — Tazag, 63)
ag = Pag+as(E(a3 +a3) +n(a2 +a3) +w(a? +a?)) —raias +Tasas, .
ase = Bas +as(x(af +a3) +w(aj +af) +1(a3 +a3)) — raras + razas,

agt = Bag +ag(x (a3 +a3)+w(a3+a3)+n(a2 +ak)) —Tazaz —Tajas.

From this point, the transition dynamics can be calculated using the different straight
lines in a six dimensional space. In order to make the calculations simpler, we will
impose another condition on the original solution of the equation: u must be even in x.

8.2. u even in z.  Assume that u(z,t) =u(—=x,t). For this to be true, then

i(ny(k1-z)+na(ka-x)) —i(ny(k1-z)+nz(ke-x))
(2nins (t)e + Znyns (t)e )
(n1,n2)€ZXZ+\{(0,0)}
— 7i(n1(k1-:r)+n2(k2-z)) Z(’nl(kll‘)Jrng(k‘gI))
(Znin (t)e +2nina (t)e ):

(n1,m2)€ZXZHT\{(0,0)}

This condition implies that the expansion coefficients z(t) =z(t), so z(t) €R for all t.
This also means that

u(z,t) = > Znyny (1) (€11 Fra)tna (k) 4 o =il (ky-a)+na (ke-2))
(n17n2)€Z><Z+\{(O,O)}

= > (22, my () cOS(ny (k1 - ) + 1 (ko - 1))
(n1,m2)€ZXZHT\{(0,0)}

= Z (Znyn, (t)cos(ny (k1 -x) +na2(ke - ).
(nl,TLQ)GZXZ+\{(0,0)}
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For the remaining part of this paper, we will be suppressing the tilde.

Now assume that #S =3 (this can occur since u is even so the negative of a mode
is the same as the mode itself) and k§=k{+kS. In this case,

S={(nf,n3),(n3,n3),(n5,n6)}- (8.4)

Thus, we have By,,n,(Xo) <0 for all (ny,n2) €ZxZ*\ (SU{(0,0)}). Thus, with critical
value \g, the eigenvalue

Breng (A) = —[nSk1 +nska|*(Infk1 +nska|* — X) = — ke * (|ke]* = A),

has multiplicity six with

e; =cos(k{-x), e =cos(ks - x), ez =cos(k5-x), ®5)
Efzspan{el,eg,eg}, E;‘:span{e4,e5,...}. '
The solution can thus be written as
3
u(x,t):Zy,;eiJrz, 2€E3. (8.6)
i=1

By similar computation, the center manifold function up to higher order terms is given
by ¢(z)= 2?24 ¢;e;. Using the notation that

eg=cos(2k$ - x), es = cos(2k5 - x),
e¢ =cos(2k5 - ), er=cos((k{ —k3) ), (8.7)
eg =cos((2k{ +kS)-x), eg=-cos((k{+2kS) x),

it can be calculated that the coefficients of the manifold are

by 1Y gy 1203
T8RS — 2N P gIkSZ —2X
2
_ —2Y3 _ —Y2Y1Y2 8.8
g = —2Y1Y3 o= —2Y2Y3
NPT Y O RS2k 2 -\
Using this function and by letting
A==k [,
3 . 1
€=—1|k’i|273+67§,
3. k¢|?
77=—§|ki|273+m’7227
kg — k5[ — [kl -
_ Bpep e WP 59
X S T kg kg — TR
3 |k§|?
w=—= k,c2 + 1 2,
2 M kg

T:_‘kﬂQ'VQ’
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the reduced system can be rewritten as

y1e =By +y1(EY5 +ny3 +xy3) + Ty2ys +0o(3),
Yo = By +y2(nyi + €5 +wy3) + Ty1ys +0(3), (8.10)
Yse = Bys +ys(xyi +wys +E€y3) +Ty1y2 +0(3).

By algebraic calculations, it can be shown that if [k$|? =|kS|? = |k§|? and kS = kS + kS,
then |k§ — kS|? =|2k$ + kS|? = |k + 2Kk$|2. This implies that

3 1
52*1\k5|2’73+67§7
3 k512 8.11
=y =w=——|k|? 1 2 (8.11)
nN=xX=w 2‘ 1| ’Y3+|k§_k§‘2_|kf|2’y2a
7-:7‘]{;;|272’
and the reduced system can be rewritten as

Y1t =Byr +Ey7 +1y193 + 19195 + Ty2ys +0(3),
Yor = By +EYs +1y2y3 +1y1ys +Ty1ys +0o(3), (8.12)
Ya: = Bys +Eys +1yPys +nydys +Ty1y2 +0(3).

THEOREM 8.1 (Transition Types with k§=k§+ES). Consider the Cahn-Hilliard

system (2.6) with evenness assumption and assume that kS=k$§+kS. Then the following
assertions hold true.

(1) If v2=0, then as A crosses Ao, the system undergoes a continuous (Type I)
transition to ¥x~S? if y3>0, and undergoes a jump (Type II) transition if
v3 < 0.

(2) Ify2>0, then as A crosses Ao, the system undergoes a jump (Type II) transition
ifys < ﬁvg, and a continuous (Type I) transition to Xy~ S? if y3 > ﬁ’)’%-
1 1

(3) Ifv2 <0, then as A crosses Ao, the system undergoes a jump (Type II) transition.

Proof. CASE 72 =0. Under the assumption, we have
3. 3 .
§=—7IkilPrs, n=—5lkil*ys, 7=0. (8.13)

The reduced system then becomes

y1e=By1 +Ey1 (Y5 +2y35 +2y3) +0(3), (8.14)
Yar = By2 +Ey2 (27 + 15 +2y5) +0(3), (8.15)
Y3 = Bys +Eys (27 +2y3 +y3) +o(3). (8.16)

If £ >0, then all solutions will tend away from the origin, and if £ <0 all solutions will
tend towards the origin. Equivalently, if 3 <0, then all solutions will tend away from
the origin, and if «3 > 0 all solutions will tend towards the origin. Therefore, if v3 <0,
the transition is Type II and if «3 > 0, the transition is Type I.

CASE 2 >0. In this case, 7 <0. Then straight lines to the reduced system are

y1=y2=0,
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91293:07
Y2 =y3=0,

_ 2_ 2
y1=0 and y5 =3,
y2=0 and y; =3,
y3=0 and y; =3,
yi =y =13

Letd,j,k€{1,2,3} such that i # j, i#k, and j # k. Along the lines of the form y; =y; =0,
the system reduces to

Yt =EYp. (8.17)

Observe that since &= —3[k{|>y; + %727

2
1

It can be seen that if £ <0, solutions along these lines tend towards the origin and if
£ >0, solutions along these lines tend away from the origin. Equivalently, if v3 > ﬁvg,
1

solutions along these lines tend towards the origin and if 3 < ﬁ’yg, solutions along
these lines tend away from the origin. It can also be seen that along the lines of the
form y, =0 and y? :y?, there are no straight line solutions because at least one of y;
and y; must be zero.

Along the line y; =y2 =ys the system reduces to

yu=PBy +yi(E+2) +1yi +0(3),  yi=y2=ys.
By truncating this system to second order (which can be done since we are considering
small perturbations near the origin), the system becomes
yu:Tyf» Y1=Y2=Ys-.

Since 7 <0, all solutions along this straight line that start near zero tend towards zero.

CASE 3 2 <0. In this case, we have 7 >0. The straight lines corresponding to this
system are

y1=y2=0,
yl:y?):O)
y2=y3=0,

y1=0and y5 =3,
y2=0 and yi =y3,
ys =0 and yi =3,
i =Y3=s-
Let 4,5,k €{1,2,3} such that i # j, i#k, and j # k. Along the lines of the form y; =y; =0,
the system reduces to

Yre = EY;. (8.19)
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Observe that since & =—32|k{|*y3+ 72,

2
£€>0<= 73< |2V2 (8.20)

olks

It can be seen that if £ <0, solutions along these lines tend towards the origin and if
& >0, solutions along these lines tend away from the origin. Equivalently, if v3 > ﬁvg,
1

solutions along these lines tend towards the origin and if 3 < ﬁﬁ, solutions along
1

these lines tend away from the origin. It can also be seen that along the lines of the
form y, =0 and y2 :yjz, there are no straight line solutions because at least one of y;
and y; must be zero.

Along the line y; =y2 =ys the system reduces to

yie =By + i (E+20) +Tyi+0(3),  yi=y2=ys.

As before, the solution is dictated by the positive sign of 7> 0, and all solutions along
this straight line that start near zero tend away from zero.
The proof is then complete. 0

8.3. Structure of the set of transition states. Consider the reduced system
(8.12). Assume that 2 <0 so that 7>0 (if 2 >0, the same equilibria and stability will
persist). The nontrivial equilibria of this system can be calculated as in Hoyle [6] to be

e Rolls:
- (ylayQay?)):(i %B,O,O),
- (ylayQayS):(Oai _Tﬁao)a

- (y15y27y3):(0a07i\/ %5)7

e Hexagons:
—r44/T2 4868
— i =ga=ys= Vg if 72— ABE — 887 > 0;

e Rectangles:
T2¢
(ylayQayS‘ g n7:|:\/§+7] ﬁ+(§ )2/’ i\/§+n 5+W))a

= (w200 = (3 G5 B+ o) 501y &5 B+ )

(y1,92,y3) = i\/gm 6+(E n)2 j:\/éJrn B+(§ n)z) )

Some of these solutions are in far-fields, so we will not consider those. The solutions
that are not in far fields are
e Rolls:
- ipl:(i %ﬁa070)7

— £p2=(0,+,/2,0),

— 4p3=(0,0,%/);
e Hexagons (if 72 — 43¢ —86n>0):

o (T[T —4BE—8Bn —T4+\/T2—4BE—8Bn —7+\/T2—48¢—8Bn
pa=( 26141 ) 28+4n ) 26+4n )-
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The Jacobian of this system at a fixed point (y1,y2,y3) is

B+3Eyt+ny3+nys  2myy2+TYs 20Y1Y3 + 7Yz
J= 201y +71ys Byt 35 +nys 2nyeys+T
20y1y3 + 7Yz 2nyays+7y1 BHnyi+nys+38y3

The stability of each solution can be determined from calculating the eigenvalues of this

matrix at each equilibrium.

THEOREM 8.2 (Stability of Roll Solutions).  Consider the roll solutions £p1, £p2,

and £p3 and assume >0 (or equivalently A > A ).

(1) If 77<§—7'\/%§, then the roll solutions all have three stable eigenvalues.

Namely, all rolls are local attractors.

(2) If E—74/ _75 <77<§+n/%5, then the roll solutions all have two stable eigen-

values and one unstable eigenvalue. Moreover, the unstable directions for £p,
are (0,4+1,1), for +py are (+£1,0,1), and for £p3 are (£1,1,0). Namely all rolls
are saddles with two-dimensional stable manifolds and one-dimensional unstable

manifolds.

(3) Ifn>§+7',/%€, then the roll solutions all have one stable eigenvalue and two

unstable eigenvalues. Namely, all rolls are saddles with one-dimensional stable

manifolds and two-dimensional unstable manifolds.
Proof. Consider the roll solutions £p;. It can be seen that

B3¢l 0 0
J(£p1)= 0 ﬁ+77|_fﬁ| iT\/_TB ;
0 +7/F B+l
Bl 0
J(py) = 0 B+3E 0 :
/20 B4
B Ll £/ 0
J(Eps)=| £r\ /L B+alLl 0
0

0 B+3¢L

By direct computation, the eigenvalues and eigenvectors of J(£p;) are

A1=ﬂ+3s|%ﬂ\, o1 =(1,0,0),

do=BrnL14ry [ 2, wy=(0,41,1),
£ 13
>\3:/8+’r]|%5|_7— %7 113:(0,:F1,1)~

(8.21)

(8.22)

(8.23)

(8.24)
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The eigenvalues and eigenvectors of J(4py) are

h=p+3 = 01 =(1,0,0),
—B —B
/\2=ﬁ+77|?|+7' e vy =(£1,0,1), (8.25)
>\3:»3+77|;5|_7' 7/87 ’1}3:(:F1,0,1).
£ 3
The eigenvalues and eigenvectors of J(4p3) are
M =543 01 =(1,0,0),
Ao=p+ |;ﬁ|+7' by =(£1,1,0)
2= n 5 5 ) 2= y YY), (826)
>\3:5+77|;5|_7' 7/87 ’U3:(ZFI,1,O)~
£ 3
Now assume that >0, so £ <0 must be true. In this case, the eigenvalues reduce to
)\1 :_2ﬂ7
—B —B
Ao=B+n—+T7y|—,
2=0H 3 (8.27)
—B —p
A3=B+n——T4/ —.
3 n ¢ ¢

From this, the following statements emerge:

)\1<07

| =€
A>0<=n>&—T1 F, (8.28)
)\3>0‘:”7>5+T1/%€~

Since £<0, if n<&—1 _75, these solutions will have three stable eigenvalues, if £ —

Tq/ % <n<&+T %, the solution will have two stable eigenvalues and one unstable

eigenvalue, and if n>&+7 %5, these solutions will have two unstable eigenvalues and
one stable eigenvalue. O
Consider the hexagon solution py. It can be seen that

B+3EyT+2ny;  2nyi+Tin 20y3 + Ty
Jpa)=| 2nyi+Tyn  B+2nyi+3&yd  2nyi+Ty |- (8.29)
2nyiyi +Tyr 2nyi Ty B20y5 +36u7

This solution will be further explored in the example below.
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8.4. Example: roll and hexagonal patterns. Let 11:(;—5,7%) and
12:(0,—2‘7/5”). The dual lattice is spanned by the vectors k; =(50,0) and ke=

(—25,—25v/3). Note that k; + ko = (25,—25v/3) and |k1|? = |ka|? = |k1 + ka|? =2500. The
critical points of the lattice are thus ki, —kq, ko, —ks, k1 + ko, and —k1 — ks, so we will
use the analysis outlined in the previous sections dealing with multiplicity six where
kS =k1, kS =ko, and k§ = k1 + k2. Observe that = 2500\ — 6250000, { =—1875v5+ %73,
n=-—3750v3 + %7%, and 7= —25007,.

Let A=Xp=1 and consider the straight line orbits of the system. Assume 5 =0.
From Theorem 8.1, we see that the transition is Type I if v3>0 and Type II if 3 <0.
For ~5 >0, the transition is Type I if 3 > %722 and Type IT if y3 < %7%. For ~2 <0, the
transition is always Type II and solutions along these orbits will tend away from the
origin.

Now let A=2501 so that we may consider the pattern formation that results from
the dynamic transition at A=Ay =2500. Consider the trivial solution y; =ys =y3=0.
This solution loses its stability as the control parameter exceeds the critical threshold,
i.e. when A\ > \g=2500. Now consider the rolls solutions

37500000 — 15000\ .
yzzi\/ 7yj:07 yk:O7Z7é]7éka (830)

—11250v3 +72

for i€{1,2,3}. Theorem 8.2 determine the stability of these six solutions in terms of o

and v3. Let 72 =1, v3=2, and A=2501. Then 52722299, 77:714399, 7=-—2500, and

BS=1. From this, we can calculate that £+ 7 %5 =—156839 and & —7,/ %E =149340.
It then follows that

= B
E+T 5<n<§ T R (8.31)

and assertion (2) of the theorem applies. We see that the rolls each have two stable
eigenvalues and one unstable eigenvalue. The unstable directions for p; are (0,£1,1),
for py are (£1,0,1), and for p3 are (£1,1,0). From (8.6), by ignoring higher order terms,
we can write the rolls solutions as

3
u(@,t) =Y yiei, (8.32)
i=1

where the coefficients y; are found by means of Equation (8.30); in this case our non-
trivial coefficient is 40.817 and the others are zero . Thus, our six solutions are

uy 2(x,t) =£0.817cos(50x1 ),
us,4(x,t) ==+0.817cos(—25z1 — 25v/3x2), (8.33)
us 6(x,t) = +0.817cos(25x1 — 25V/3xs).
Figure 8.1 shows a graph of the solution u;. Notice that the rolls are vertical, a
result of the z; term inside the cosine. In contrast, Figure 8.2 shows a graph of the

solution ug where the rolls are oriented at a different angle.
Consider the hexagonal solution p4 given by

—T++/T2—45£—-80n
26+4n

Y1=Y2=Y3= (8.34)
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F1G. 8.1. Rolls exhibited by the stationary solution u(z,t)=0.817cos(50x1)

FIG. 8.2. Rolls exhibited by the stationary solution u(z,t) =0.817cos(—25x1 — 25v/3x2)

Using our previous values of 73, v3, and A, the solution becomes
1 =y2=ys3=—0.134. (8.35)

We look now at the Jacobian (15.37) evaluated at this solution. Plugging in coefficients,
we get

—470 65.68 65.68
J(ps)= | 65.68 —470 65.68 | . (8.36)
65.68 65.68 —470

The eigenvalues of this matrix are (—13392 13392 _ =8466) 4]] of which are stable.

Thus, the stationary solution is stable and can be written as

wr(z,t) = —0.134[cos (501 ) + cos(— 251 — 25V 3x5) +cos(26x1 —25V/3x3)].  (8.37)

Figure 8.3 shows a graph of this solution. Notice that the circles are hexagonally-
packed, in contrast with the square-packed circles of Figure 5.4. In fact, hexagonally-
packed circles (HPC) are not normally observed under the regular Cahn-Hilliard model
on rectangular domains. It is the unique feature of our lattice structure and the high
multiplicity of the critical eigenvalue that allows for this pattern to emerge.
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Note that for the long-range interaction model in the next section, the critical vector
k¢=nfki1 +n5ks is related to the long-range interaction term in the manner given by
(9.5), so that as o gets larger, |k¢|? increases leading to richer and more complex patterns
such as the hexagonal patterns; see also [9].

F1G. 8.3. Hezagonally-packed circles exhibited by the stationary solution u(x,t) = —0.213(cos(50x1)
+cos(—25x1 — 25v/3x2) +cos(25x1 — 25v/3x2))

9. Long-range interaction
Assume the same lattice structure as mentioned in Section 2, but now consider any
solution to the boundary value problem; see among others [9]:

ug = —A%u— ANAu—ou+ A(yu® +y3u®), (1,t) ER? x R,
u(x+k,t) =u(z,t),ke L",

u(z,t)dr=0.

S~

In this case, the linear operator L is given by Lu= —A?u— AAu—ou, the eigenvalues
of L are

Brins(A) =—|n1ky +noka|* + Aniky +noko|* — o
:f|n1k1+n2k2\2(|n1k1+n2k2|27)\)70. (92)

To find the first mode that goes unstable, observe that if 8,,,,(\) =0, then

g

A=|n1ky +n2k2|2+ 7|n1k1 ke

Thus, the critical value Ag is given by

Ao = i k kol? -9 . 9.3
0 ke;f&?o,o»('mﬁ"? 2'+n1k1+n2k2|2) ©-3)

Let S be defined by

S{(nl,nQ)CZQ\{(O,O) | |n1k1+n2k2|2+w>\0}. (94)
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It can be seen that depending on parameter values, the possible values of the cardinality
of S are any even natural number. The critical vector k¢ =n{k; +n$ks is related to the
long-range interaction term in the manner

ko2~ /o (9.5)

Consequently, as o gets larger, |k¢|? increases leading to richer and more complex pat-
terns.
Assume going forward that #S=2. Then

S ={(n{,n3),(=ni,—n3)}. (9.6)

Thus, we have (5, (Xo) <0 for all (nq,n2) € Z%\ (SU{(0,0)}). Thus, with critical value
Ao, the eigenvalue

Bnsng (N) = —|nTky +n5ka[* (Inhy +n5ka|> = ) — o
= —|ke[* (ke =) =0, (9.7)
has multiplicity two with
e =elkie) g = i ki)
E} =span{ey,es}, E3 =span{es,ey,...}.
The solution can thus be written as
u(z,t) =yie1 +ypea+2, z€FE;. (9.9)

By similar computation as in the previous sections, the center manifold function up to
higher order terms is given by

4o | kS PyE 2k, 40| kS Py3 ik,
_ ike-a ke 9.10
S Ty B | TV RN W (6.10)

Using this function, we can derive the reduced equations, up to suppressing high-order
terms, as follows:

8|kf|2'y§y%y2

= —3|k¢ 2.2 ’
Yt Byl+—4|kﬂ2(4\kf|2—)\)—0 k5" y1y27s o11)
yor= Byt SRPBIE  gpea o '
R R T D Vi
Let
o —8k§|*
Xo= kS + — =— " A2 3|k5|2ns. 9.12
0 | 1| +|kﬂ27 n 3(74‘kf|4+0)72 | 1| 73 ( )
Let y1 = a1 4+ agt,y2 = a1 —asi, then the reduced system can be rewritten as
a:a+aa2+a2+03,
1= Bar +nay(ai +a3z)+o(3) (0.13)

age = Baz+naz(ai+a3)+o(3).

THEOREM 9.1 (Transition Types with Long-Range Interaction).  Assume the multi-
plicity of B1 is two at A= |kf|2+ﬁ The following are true:
1
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9(dlk§|t —o)

then the system undergoes a continuous dynamical transition (Type I) to ¥y~
S consisting of a circle of steady-states as \ crosses Ag.

(2) If
8lkE[* o
<l —-—" s
ok =)
then the system undergoes a jump dynamical transition (Type II) as A crosses
Ao-
Proof. By analyzing the system
ary =na1 (a7 +a3),

9.14
a3 = naa(a?+ad), 814

it can be seen that all solutions tend towards the origin when 1 <0 and tend away from
the origin when 1>0. Thus, the transition is Type I when <0 and Type II when
n>0. 0

By using the approximative system

a1t =Bay +nay(ai +a3) +o(3),

5 o (9.15)
ase =Baz +naz(aj +a3)+o(3),
and letting a? +a2 =72, this system can be rewritten as
re=0r+nr. (9.16)

The nontrivial equilibrium of this system is r=4/ 775 The Jacobian of this system at a
fixed point r is

J=(B+3nr?). (9.17)

When r=,/ _TB’ the eigenvalue of the Jacobian is ﬂ+37]|%|. If >0, then <0 must

be true, which implies that this solution will be stable. Stationary solutions in this case
are given by

u(z,t) =yie1+y1€1
= (a1 +iaz)(cos(k.-x) +isin(k.-x))+ (a1 —iaz)(cos(ke - x) —isin(k. - x))
=2(ajcos(k. ) —agsin(k.-x)),

where (a1,a2) run along the circle a3 +a3 =r2. Note that solutions depend solely on the
two critical vectors of the lattice in which the magnitude is least, and that the spanning
vectors play no direct role besides specifying the domain.

Appendix A. Dynamic transition theory. In this appendix we recall some
basic elements of the dynamic transition theory developed by Ma and Wang [11], which
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are used to carry out the dynamic transition analysis for the binary systems in this
article. As mentioned in the introduction, for many problems in sciences, we need to
understand the transitions from one state to another, and the stability/robustness of
the new states. For this purpose, a dynamic transition theory is developed by Ma and
Wang [11], and is applied to both equilibrium and non-equilibrium phase transitions in
nonlinear sciences. The basic philosophy of the dynamic transition theory is to search
for the complete set of transition states, which are represented by a local attractor,
rather than some steady states or periodic solutions or other type of orbits as part of
this local attractor.

Let X and X; be two Banach spaces, and X; C X a compact and dense inclusion.
In this chapter, we always consider the following nonlinear evolution equations

du
u(0) =4,

where u:[0,00) — X is unknown function, and A € R! is the system parameter.
Assume that Ly :X; — X is a parameterized linear completely continuous field de-
pending continuously on A € R', which satisfies
Ly=—A+B, a sectorial operator,
A X1 —X a linear homeomorphism, (A.2)

By:X1—X a linear compact operator.

In this case, we can define the fractional order spaces X, for ¢ €R!. Then we also as-
sume that G(-,\): X, — X is C"(r > 1) bounded mapping for some 0 <« < 1, depending
continuously on A €R!, and

Gu,N)=o(|lullx,), VAR (A.3)
In addition, let G(u,A) have the Taylor expansion at u=0 as follows
G(u,\) = ZGm(u,)\)—l—o(HuHTXl) for some 2<k<r, (A.4)
m=k

where u€ X1, G, : X1 x--- x X7 — X is an m-multiple linear operator, and G, (u,\) =
G (uy - u,A).

Hereafter we always assume the conditions (A.2) and (A.3), which represent that
the system (A.1) has a dissipative structure.

Let the eigenvalues (counting multiplicity) of Ly be given by

{BJ(A)EC | j:1,2,"'}~

Assume that

<0 if A<,
Re ,81()\) = if )\:)\0, V1 Slgm, (A5)
>0 if A> Ag,

Re 5;(A0) <0 Vi>m+1. (A.6)
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The following theorem is a basic principle of transitions; see [11, Theorem 2.1.3]
for details. Basically this theorem is the introduction of a dynamic classification
scheme of dynamic transitions, with which phase transitions, both equilibrium and
non-equilibrium, are classified into three types: Type-I, Type-II and Type-III. Mathe-
matically, these transitions are also respectively c.

THEOREM A.1 (Theorem 2.1.3, [11]).  Let the conditions (A.5) and (A.6) hold true.
Then, the system (A.1) must have a transition from (u,\)=(0,A0), and there is a neigh-
borhood U C X of u=0 such that the transition is one of the following three types:

(1) CONTINUOUS TRANSITION: there exists an open and dense set Uy CU such

that for any p € Uy, the solution ux(t,p) of (A.1) satisfies

lim limsup ||ux(t,¢)||x =0.

A=A t—oo
In particular, the attractor bifurcation of (A.1) at (0,\o) is a continuous tran-
sition.

(2) Jump TRANSITION: for any Ag <A< Ao+e with some € >0, there is an open

and dense set Uy CU such that for any p € Uy,

limsup||ux(t,¢)||x >0 >0,
t—o0

where § >0 is independent of A\. This type of transition is also called the dis-
continuous transition.

(3) MIXED TRANSITION: for any Ao <A< Ag+¢€ with some e>0, U can be decom-
posed into two open sets U and Us (U not necessarily connected):

U=U}Us, UM Usy=0,

such that
lim limsup ||u(t,¢)||lx =0 VoeUp,
A=A0 t—o0
limsup ||u(t,@)||x >d>0 Ve Us.
t—o0

Appendix B. Center manifold reductions. The stable and center manifold
theorems are classical [5,10,11]. The main objective of this appendix is to provide a few
important approximation formulas in Theorem B.1, proved in [10,11]. These formulas
are used in the analysis of this paper.

The spaces X; and X can be decomposed into the direct sum
Xi=E}PE}, X=EPE),
where
E =span {e1(\),---,em(N)},
Ey={uecXi| (u,ef(\)=0 V1<i<m},

E2 =closure of Fy in X.

The linear operator Ly can be decomposed into

L)\ZJ,\®£)\, (B.1)
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where Jy: B} — E{ is the Jordan matrix of Ly at 3;(A) (1<i<m), and Ly=Lx|gy:

E3 — E2 possesses eigenvalues 8;(\) (j>m+1). In this case the Equation (A.1) can
be written as

B o hat PGty ), (B:2)
dy
Ezﬁ,\y—f—PgG(:ﬂ—ky,)\), (B.3)

where P;: X — E (i=1,2) are the canonical projections.

The existence of center manifold functions are classical; see among others [5, 10].
As the center manifold function is implicitly defined, one ingredient in the theory and
its applications of the phase transition dynamics in this book is that an approximation
of the center manifold function to certain order will lead to a complete understanding
of the transitions of a dynamical system. We now present some approximation formulas
of the center manifold functions.

First, we show how the center manifold functions are constructed. Let p. : E? — [0,1]
be a C'*° cut-off function defined by

1 if ||z)| <e,
pele) = {0 if [l > 2e,
for some >0, and let
COY(E)NEy(0))={h: E} — E3(#)| h(0)=0,h is Lipschitz}.
As in [5], we need to find a function h € C%1(E}, E2(0)) satisfying
/O e 7 pe(a(7,)) Ga (2 () + h(x(7,)), A)dr, (B-4)

—0o0

h(-)
where x(t,z¢) is a solution of the ordinary differential equation

d
o =D+ p-(2)Gi(a+h(@), ), 2(0)=ao, (B.5)
Then the function y(¢,h(xg)) =h(x(t,20)) is a solution of the equation
d
(% =Lxy+pe(x(t,20))G2(2(t,20),y), y(0)="h(zo).

Thus, z(t,x0)+h(z(t,z0)) is a local solution of (B.2) and (B.3), and the manifold M)
is locally invariant for (A.1).

The following theorem gives a first order approximation formula of the center man-
ifold function of (A.1) near A= \y.
THEOREM B.1 (Theorem A.1.1, [11]). Assume that the nonlinear operator G(u,\) has

the Taylor expansion as (A.4) at u=0. Then the center manifold function ®:FEy — Es
of (A.1) near A= Ao can be expressed as

0
<I>($,)\):/ e~TEN p_ PyGlu(e™ M, N)dr+of | 2P, (B.6)

—00
where Jy and Ly are the linear operators given by (B.1), Gi(u,)\) is the lowest order

m

k-multiple linear operator as in (A.4), and x=">_ x;e; € E1. In particular, we have the
i=1

following assertions:
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If Jy is diagonal near A=y, then (B.6) can be written as
—L7®(x,A) = PG (w,A) +o(||z[|*) + O(|8]|]|"), (B.7)

where B(A) = (BL(A);- -, Bm (X))
Letm=2 and B1(\) = fa(A) =a(X) +ip(A) with p(Ao) #0. If G (u,\) =Ga(u,\)
is bilinear, then ®(x,\) can be expressed as

[(—L£2)% +4p*(N)](—L£2) (. A)
=[(—L2)*+40*(N)]PoGo(,\) — 2p*(N) PoGa(2,)\) +2p? PG (2160 — 291 )
—|—p(—£>\)P2 [Gg(xlel +JI2€2,£2€1 —33162)

+G2(.’E261—.’E162,$161 +$2€2)]+0(k‘), (BS)
where we have used o(k)=o(||z||¥) +O(|ReS(N)|||z||*)-
Let B1(A)=---=Pm()\) have algebraic and geometric multiplicities m>2 and
r=1 near A= M\g, i.e., Jx has the Jordan form:
BA) 6 -~ 0 0
0 BA) - 0 0
Jr= Do : for some § #£0. (B.9)
0 0 BA) 9§
0 0 0 B
Let
m ‘ m—j (Vtrx]ur,«
z=Z§jej€E1 with fj:ZT,
j=1 r=0

where x = (1, Tym) ER™, §#0 is as in Jx, and t >0. Then the k-linear term
Gr(z,\) can be expressed as

Gr(z,\)=Fi(z) +tFy(2) + - +t"  F (z),

and the center manifold function ® can be expressed as

®=> ®;+o(k), —Lid;=(-1)PF;(z) VI<j<m. (B.10)
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